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Abstract

This paper describes a new continuous-time principal-agent model, in which the
output is a diffusion process with drift determined by the agent’s unobserved ef-
fort. The risk-averse agent receives consumption continuously. An optimal contract,
based on the agent’s continuation value as a state variable, is computed by a new
method using a differential equation. During employment the output path stochas-
tically drives the agent’s continuation value until it hits a low retirement point or a
high retirement point. Unlike in related discrete-time models, one can use calculus
to derive comparative statics and evaluate inefficiency. !
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1 Introduction.

This paper explores a continuous-time analogue of the repeated principal-agent model. The
continuous-time formulation leads to a new method for deriving an optimal contract, one
that is simpler computationally than the widely used discrete-time method developed by
Phelan and Townsend (1991). It also yields a clearer intuitive understanding of the optimal
contract’s nature. The optimal contract comes from a solution of a differential equation,
which allows us to derive various comparative statics results.

We consider a dynamic setting, in which an agent controls the drift of an output process
by his choice of effort. The principal does not observe the agent’s effort, but sees the total
output: a Brownian motion with a drift that depends on effort. The principal offers a
contract to an agent at time 0 and commits to it. The contract consists of a flow of
consumption at every moment of time contingent on the entire past output path. The agent
is risk-averse and the principal is risk-neutral. The agent receives utility from consumption
and disutility from effort. In our basic model, the agent demands an initial reservation
utility from the entire contract in order to begin, and the principal will offer a contract
only if he can derive positive profit from it. If the contract is offered and accepted, the
agent cannot quit, and the principal cannot replace the agent. After we solve the basic
model, we consider extensions where the agent can quit, and the principal can replace the
agent at a cost. It is one of the advantages of the continuous-time formulation that such
extensions can be analyzed with ease, using the same differential equation that applies to
the basic model.

In our setting, the optimal contract can be described in terms of the agent’s continuation
value as a single state variable. At any moment of time, the agent’s continuation value
is the total utility, which the agent expects from the future if he acts optimally. In our
continuous-time setting, the dynamic evolution of the agent’s continuation value is naturally
described by its drift and volatility. The volatility of the agent’s continuation value has
an analogue in discrete-time models, where the observed realization of output makes the
agent’s continuation value follow a random walk. In discrete time, it is the random walk’s
step size that determines the agent’s incentive to work hard. That is, step size expresses
the sensitivity of the agent’s continuation value to realized output, and hence a large step
size motivates the agent to work hard for high output. Volatility is the analog of step size
in a continuous time model, and as one would expect, it is by manipulating the volatility

of the agent’s continuation value that the principal creates incentives in our setting.



The drift in the agent’s continuation value can be understood as follows. From a
contractual point of view, the agent’s continuation value is the expected present value
promised to the agent by the principal. Promises must be fulfilled. Given a particular
promise, the principal can pay to the agent less now and escalate future promises, or pay
more now and owe to the agent less in the future. The principal’s choice of how to fulfill
his promise induces a drift in the agent’s continuation value. We find that it is optimal for
the principal to pay to the agent at a rate, at which the marginal cost of delivering utility
to the agent is a martingale whenever the agent receives positive consumption. We call
this phenomenon compensation smoothing.

Here is the form of an optimal contract. Depending on the agent’s participation con-
straint, the principal will choose a starting promised value W} to maximize his profit. The
starting promised value can be equal to or greater than the agent’s initial demand w.
As time goes on, the principal will recompute a new promised value W; at every point of
time using a stochastic differential equation driven by the output path. The agent remains
employed as long as his continuation value stays in the interval (0, Wy,). When the agent’s
value reaches an endpoint of this interval, the agent is retired: he stops putting effort and
receives his continuation value by consuming a constant stream of consumption payments
from the principal. Before the agent is retired, the principal’s payment to the agent at
every point of time is uniquely determined by W;. The larger W;, the greater the payment.
An interesting feature of the optimal contract is the existence of a probationary interval
[0, W*] of continuation values, where W* < W,. When the the agent’s continuation value
enters the probationary interval, the principal stops paying him, but keeps adjusting W;
based on the current path of output.

Why does the optimal contract exhibit these features? The low retirement point is
necessary because the only way to deliver to the agent a value 0 is by giving him constant
consumption 0, and allowing him to not work. The high retirement point exists due to the
income effect: when the agent’s consumption is high, it costs the principal too much to
compensate him for positive effort. In the probationary interval, the principal is punishing
the agent at his own cost, that is, the principal’s profit is increasing in the agent’s value in
this interval. During probation, the least-cost way of punishing the agent is by paying him
zero.?

Using the differential equation that characterizes the optimal contract, we can derive

new comparative statics results about how the principal’s profit and the optimal contract

2We assume that the utility from zero consumption is bounded and normalize it to zero.



depend on the parameters of the model. By far the most powerful effect on the principal’s
profit comes from the productivity of the agent. Increase in productivity improves the
principal’s profit directly through higher output and indirectly by making effort more de-
tectable. We prove that increase in productivity improves the principal’s profit even in the
face of comparable adverse changes in both the cost of effort and the volatility of output.

The continuous-time formulation allows us to estimate how much efficiency is lost due

to informational problems. In the limit as the discount rate goes to zero, the total loss

da’o?
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of absolute risk aversion, « is the piece-rate (the fraction of the risk borne by the agent)

of efficiency in terms of the principal’s profit is , where 0 is the agent’s coefficient
required to induce proper incentives, and o is the volatility of output. This result elaborates
upon what is implied by the Folk Theorem: the “per period” inefficiency converges to 0
(proportionally to the discount rate r), but the total inefficiency accumulated over time

converges to a strictly positive constant.

1.1 Related Literature.

Let us discuss how this paper is related to existing literature. The idea that the agent’s
promised value is a sufficient state variable to build optimal contracts is not new. Promised
value has been used in many discrete-time models due to the theoretical developments of
Abreu, Pearce and Stacchetti (1986 and 1990). Our paper will show that in continuous
time, promised value sufficiently describes the past history to specify an optimal contract.

The research in our paper was inspired by the discrete-time model of Phelan and
Townsend (1991). They develop a method of computing optimal long-term contracts in a
discrete time setting. Their method relies on linear programming to solve the principal’s
problem in a given period based on a guess of a profit function for the continuation of the
game. When this problem is solved for every continuation value, one obtains a new guess
for a profit function. Multiple iterations lead to convergence to the true profit function.
One can see a direct parallel between their discrete-time solutions and the continuous-time
solutions in this paper. The main advantage of their approach is its applicability to a very
wide range of settings, even those that require more than one state variable. Also, because
of discretization of the set of feasible consumptions and continuation values, their method
does not require any assumptions on the form of the agent’s utility function. However, the
method of Phelan and Townsend is much more computationally intensive than the method

of solving differential equations suggested in this paper. Also, this paper contributes to



our understanding of the theory of optimal contracts between a principal and an agent. A
lot of features of an optimal contract are illuminated more clearly by the continuous-time
solutions, e.g. drift and volatility of the promised value, existence of a probationary period
and the two retirement points on the boundary. Finally, we are able to find analytical
comparative statics.

Brownian motion has been first applied to the principal-agent problem in a paper by
Holmstrom and Milgrom (1987). In their model, the agent also controls the drift of a
diffusion process for total output. Unlike in our continuous-time model, in their model the
agent receives only one payment in the end of a finite time interval, when the interaction
with the principal ends. Their paper pursues two main results: that an optimal contract
depends only on aggregate output and that the final payment to the agent is linear in
aggregate output. Holmstrom and Milgrom show that these results hold given the following
assumptions: the agent has an exponential utility of consumption, and the disutility of effort
is computed by subtracting a fixed amount from the agent’s consumption, independently of
the total level of wealth. In particular, their form of utility function has no income effect:
it takes the same monetary incentives to induce the agent’s effort when his income is high
or low.

In our model aggregation and linearity disappear on a global time scale. When we
consider a wide range of utility functions, the principal needs the flexibility to adjust the
agent’s piece-rate depending on the agent’s income level. In our model the agent’s marginal
utility and risk aversion are changing in a complex way with income level, and the optimal
piece-rate reflects the incentives that the agent needs and the trade-off between incentives
and insurance. However, both linearity and aggregation are present on a small time scale. In
our model during a small interval of time At, the change in the agent’s value is proportional
to the change in total output AX. Speaking loosely, it does not matter by what sequence of
wiggles this change AX has occurred; only the aggregate change determines the evolution
of the agent’s continuation value. The model of Holmstrom and Milgrom applies for the
kinds of employment, where the agent’s income level does not change significantly during
the course of employment; therefore income effect does not matter. Our model applies to
situations where the agent’s income level changes during the course of a long term contract,

e.g. when the agent expects to move up the employment ladder.?

3In our model, for discount rates very close to 0, the agent’s income level and piece-rate do not change
significantly for the effective duration of the contract. In this limiting case, the form of an optimal contract
is approximately linear.



The asymptotic efficiency result, i.e. that the principal’s profit converges to first best
as the discount rate converges to 0, is not new. Among others, Fudenberg, Holmstrom
and Milgrom (1990) derive an asymptotic efficiency result in a discrete-time setting. They
argue that the reason for this result is that as the discount rate converges to 0, the agent
effectively becomes less risk averse because the principal can smooth consumption for the
agent. We show that even though the average “per-period profit” inefficiency converges
to zero, the total inefficiency added up over time converges to a strictly positive constant.
This result is new.

Recently, Williams (2003) has developed another new and very general principal-agent
model in continuous time. The model is based on a stochastic state process X, whose
evolution depends on the principal’s choices, the agent’s choices, X itself, and time ¢. The
agent’s choice is unobservable to the principal. The procedure to find an optimal contract
involves solving a PDE, and forward an backward SDEs. The resulting contract can be
written recursively using several state variables: time t, state X and the agent’s value.
When hidden states are allowed in the model, the contract involves an additional state
variable. Williams considers a finite time horizon. Unlike Williams, we design a continuous-
time model in infinite time horizon and analyze the specific issue of unobserved effort. In
our setting, we are able to derive an optimal contract in terms of a single state variable,
the agent’s continuation value. The simplicity of the contract allows us to investigate its
defining features, give intuitive meaning to the components of the contract, and derive
comparative statics results.

The paper is organized as follows. Section 2 provides the setting and formulation of the
principal’s problem. Section 3 presents an optimal contract and discusses its interesting
features: the drift and volatility of the agent’s continuation value, retirement points, and the
probationary interval. Section 4 provides rigorous mathematical derivation and justification
for the form of an optimal contract. Section 5 presents some comparative statics results.
Section 6 characterizes asymptotic contracts for interest rate r close to 0. Section 7 presents
several alternative formulations of the model that can be solved by the same differential

equation. Section 8 concludes the paper.

2 The Setting.

Consider the following dynamic principal-agent model in continuous time. A standard
Brownian motion Z = {Z;, F;;0 < t < oo} on (Q, F, Q) drives the output process. The



total output produced up to time ¢, denoted by X, evolves according to

dXt = At dt + O'dZt,

where A; is the agent’s choice of effort level and o is a constant. The agent’s effort level
process A = {A; € A,0 <t < oo} is adapted to F;, where the set of feasible effort levels
A is compact with the smallest element 0. We will pay particular attention to the binary
action case A = {0,a}. The agent experiences cost of effort ¢(A;), measured in the same
units as the utility of consumption, where ¢ : A — R is continuous, increasing and convex.
Assume that ¢(0) = 0 and there is € > 0 such that c¢(a) > ea for all a € A.

For convenience of notation we denote by Q4 the probability measure over paths of
output X induced by effort choice A. The expectation under Q“ will be denoted by E“.

The output process X is publicly observable by both the principal and the agent. The
principal does not observe the agent’s effort A, and uses observations of X to give the
agent incentives to make costly effort. Before the agent starts working for the principal,
the principal offers him a contract that specifies a flow of consumption utility U;(X; 0 <
s <t) € [0,Ug] based on the principal’s observation of X;. The principal can commit to
any such contract. It costs the principal g(u) to deliver to the agent consumption utility
u, where g : [0,Ug] — [0, Cq] is the inverse of the agent’s utility of consumption function.
Assume that g is increasing, convex and C2. Normalize ¢(0) = 0 and assume ¢'(0) = 0, i.e.
that the agent’s marginal utility of consumption is infinite at zero consumption. Section 7
will present an extension in which ¢’(0) > 0.

For simplicity, assume that both the principal and the agent discount the flow of profit
and utility at a common rate r. If the agent chooses effort level A;,0 <t < o0, his total

expected utility is given by

E [ /0 T U, — o(A) dt] ,

and the principal gets profit

E [/ e " dX, —/ e "g(Uy) dt} :
0 0

We say that an effort level process A;,0 < t < oo is incentive compatible with respect

to U, if it maximizes the agent’s total value given Uj.



2.1 Formulation of The Principal’s Problem.

The problem of the principal is to offer a contract for the agent: a stream of consumption
utility Uy(X,,0 < s < t) contingent on realized output up to time ¢ for all ¢, and an

incentive-compatible advice of effort level A;,0 < ¢t < oo that maximizes the principal’s

E |:/ e_rt dXt — / e_rtg(Ut) dt:|
0 0

subject to delivering to the agent a required initial value of at least W

profit

E [ /0 h e U, — c(At))dt] > W. (1)

We assume that the principal can choose not to employ the agent, so we are only interested

in contracts that generate nonnegative profit for the principal.

3 Optimal Contract.

In this section, we will heuristically derive an optimal contract. In section 4 we will formally
show that an optimal contract takes the form presented in this section. Only for this section,
assume that an optimal contract can be written in terms of the agent’s promised value W,
as a single state variable. The promised value W, is the total utility that the principal
expects the agent to derive from the future after a given moment of time ¢. Promised value
will play the role of the unique state descriptor that determines how much the agent gets
paid, what effort level he is supposed to choose, and how the promised value changes due
to the realization of output. The principal must design a contract that specifies functions
u(W), the flow of consumption utility to the agent, a(WW), the recommended effort level,
and the law of motion of W; driven by the output path X;. Three objectives must be met.
First, the agent must have sufficient incentives to choose the recommended effort levels.
Second, payments, recommended effort and the law of motion must be consistent, so that
the state descriptor W; represents the agent’s true continuation value. Lastly, the contract
must maximize the principal’s profit.

Before we describe the dynamic nature of the contract, note that the principal has the
option to retire the agent with any value W € [0, Wy] = [0,Ug/r|. To retire the agent

with value W, the principal offers him constant consumption utility »WW and allows him to



choose zero effort. Denote the principal’s profit from retiring the agent by

Fo(W) = —M'
r

Note that the principal cannot deliver any value less than 0, because the agent can guarantee
himself nonnegative utility by always taking effort 0. In fact, the only way to deliver value
0 is through retirement. Similarly, retirement is the only way to deliver value Wy, which is
the highest value that the principal can deliver to the agent. We will call F{y the principal’s
retirement profit.

The optimal contract will consist of an interval (0, W,,) of continuation values,* where
the agent is actively employed and W; evolves as a diffusion process driven by X;. Mechan-
ically, the principal will adjust the agent’s promised value according to equation

(a(W3))

AW, = (rW, — w(W,) + c(a(W3))) dt + 2 (dX, — a(Wy)dt) 2)

- -

odZ

until the retirement time when W, hits 0 or W,,,. Typically, Wy, is less than Wy.

We want to point out two facts about expression (2). First, the drift »W; — u(W,) +
c(a(Wy)) of the agent’s promised value accounts for promise keeping. In order for W; to
correctly describe the principal’s debt to the agent, it should grow at an interest rate r
and fall due to the flow of repayments u(W;) — c¢(a(W;)). Note that when the agent follows
effort recommendation, term dX; —a(W;) dt is driftless. Second, function 7(a), which gives
the minimum volatility of the promised value required to induce effort level a, is defined by

v(a) = min{y € [0, 00) : % —c(a) > y7a’ —c(d") foralla’ € A}.
What is the intuition behind this definition? Speaking loosely, the agent will choose effort
level maximize the expected change of his future promised value due to effort minus the cost
of effort. In equation (2), only the drift of X is affected by the agent’s effort. Therefore,

the agent will choose effort level ¢’ to maximize

From concavity of ¢(a), function «(a) is increasing in a. For the binary action case with

4Subscript gp stands for “golden parachute.”



A ={0,a}, v(a) = c(a)o/a.
We come to the crucial part where the principal has to compute the main features of
an optimal contract: payments u(W) and recommendations of effort level a(1/). Also, the

principal has to find the best retirement point Wy,.

Profit
" e Fp(W)

W W, W

Figure 1: Typical form of F.

Denote by F'(W) the highest profit that the principal can derive when he delivers to the
agent value W. To maximize profit, the principal must optimally choose u(W) and a(W)
for each value W € [0, W,,]. Function F' should satisfy equation

rF(W)=max a— g(u) +F W)orW —u+c(a)) + F"(W)y(a)?/2 (3)

a>0,u
The principal is maximizing the expected current flow of profit a — g(u) plus the expected
change of future profit due to the drift and volatility of the agent’s promised value.

Equation (3) can be rewritten in the following form suitable for computation:

. rFW) —a+g(u) — F'OV)(rW — u + ¢(a))
a>0,u v(a)?/2

(4)

To compute the optimal contract, the principal must solve this differential equation by
setting F'(0) = 0 and choosing the largest value of F'(0) > 0 such that solution F' reaches
Fy at some point Wy, > 0, as shown in a computed example on Figure 1. Denote by u(1V)
and a(W') the minimizing values of v and a in (4) for W € (0, W,,,). Function F'(W'), which

10



is concave, gives the optimal profit that the principal can earn while delivering to the agent
value W € [0, W,,]. Functions u(W) and a(W) give the optimal consumption utility and
effort recommendation, which the agent receives when his continuation value is W.

Given the form of I, what initial value will the principal offer to the agent given that the
agent requires value at least W? Denote by W* the maximum of F, and by W, the critical
value, where F(W,) = 0, as shown in Figure 1. Then the starting value that maximizes
the principal’s profit subject to the agent’s participation constraint (1) is

W if W< W
Wo=1< W if We W W]
no contract if W > W,

Let us summarize the optimal contract. The principal will give the agent a starting
promised value W, and keep adjusting it according to equation (2) until a stopping time 7
when W, hits a retirement point 0 or Wg,. Until time 7, the principal will provide the agent
with consumption utility u(Ws) and advise him to take action a(Wj), which are found by
solving equation (4). If W, hits 0, the principal will retire the agent by giving him constant
consumption utility of 0 after that forever. If W; hits W, the principal will also retire the
agent by giving him rW,,. When the agent gets retirement, he is allowed to take action 0

forever.

One interesting feature of the optimal contract is the existence of retirement points.
The principal must retire the agent when W hits 0 because the only way to deliver to the
agent value 0 is to pay him 0 forever. Why is it optimal for the principal to retire agent
at some point W,,, which is typically less than Wy ? This happens because when the flow
of payments to the agent is large enough, it costs the principal too much to compensate
the agent for his effort. This is true even if the agent’s effort is perfectly observed. Figure
2 shows the principal’s first-best profit F;,, which is the upper envelope of unconstrained
profit functions F,(W) = Fy(W + c(a)/r) + a/r for each individual effort level. Note the
interval [W}, Wy, on which Fy(W) is first-best profit. On this interval, the expected flow of

gp’
output a from any positive effort level is smaller than the cost ¢(a)g’(rWW) of compensating
the agent for that effort level. Therefore, it is optimal to retire the agent for W € [W,,, W]
even if effort is observable. In summary, the main reason to have a high retirement point
is that the agent’s marginal utility decays to 0 when his consumption increases, and the
marginal disutility of effort remains bounded above 0. With unobservable effort, W,, < W,

because the principal must compensate the agent not only for the effort, but also for the

11



Profit

as/r

a/r

Figure 2: First best profit.

risk caused by incentives to induce any positive effort level.

Another interesting feature of the optimal contract is a probationary interval [0, W*],
on which F(W) is increasing. From equation (4), the agent receives consumption 0 when
his value is in this interval. Intuitively, the principal punishes the agent at his own cost
when the agent is on probation. Providing the agent with positive consumption would not
be the least-costly way to punish the agent.

Let us discuss more intuition behind the principal’s choice of the recommended effort
level and the choice of payments to the agent. We can see from (3) that the principal will

choose effort level a(W) to maximize

2

a-t ela) (W) + L prw), (5)
where a is the expected flow of output, —c(a)F’(W) is the cost of compensating the agent
for his effort, and —@F "(W) is the cost of compensating the agent for the income

uncertainty caused by incentives.

To get intuition behind the choice of u, let us interpret the agent’s value as the principal’s

12



debt to the agent. The principal will choose the cheapest way to repay his debt to the agent.
Theorem 1 assumes that the contract derived in this section is optimal, and shows that
under this contract ¢'(u(W;)) is a martingale whenever the agent is not on probation. We

can call this phenomenon compensation smoothing.

Theorem 1. If W, > W*, then ¢'(u(W5)) is a martingale for t < s < Ty~ under the

optimal contract, where W* is the maximum of F.

PROOF. Certainly this is true when W; = Wy, because after that w(W;) is constant.
When W, € (W*,W,,), F must satisfy (4) at W;; the first-order condition of minimization
with respect to u implies that ¢'(u) = —F'(W). Let us show that F'(W) has drift 0.

From (4) and the Envelope Theorem, we have

e EY W)W — 1t c(a)
FEw) = NG ’

By Ito’s Lemma and (2), the drift of F'(W) is

F'"(W)(rW —u+c(a)) + F"(W)y(a)*/2,

which by the previous expression is zero. QED.

The next section justifies why the optimal solution really takes this form.

Remark 1. We assume that the principal will refuse to offer a contract to the agent,
unless the principal gets nonnegative profit from some contract. If there is no value F’(0) >
0 such that the corresponding solution to (4) reaches Fj at some point Wy, > 0, then every
contract with positive value to the agent gives the principal negative profit. In this case,

the principal will refuse to offer a contract.

Remark 2. We assume in this model that the agent cannot save or borrow, and is
restricted to consume what the principal pays him at every moment of time. What would
happen if the agent actually could save and borrow at rate r, but the principal did not
know it? Which would he do? By Theorem 1, ¢'(u(Wy)) is a martingale, so the agent’s
marginal utility of consumption 1/¢'(u(W;)) must be a submartingale. Since the agent’s

marginal utility increases in expectation, he is tempted to save for the future.

Remark 3. We can call —F'(W)vy(a)/o the agent’s piecerate, i.e. the risk borne by
the agent measured in the units of the principal’s profit rather than the agent’s value. This

expression is meaningful if F'(W) < 0, i.e. when the agent is not on probation and his
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flow consumption is positive. Since the principal maximizes (5), it can be shown that the

piecerate is always less than 1 when the agent is not on probation.

4 Justification.

In this section we do not assume that an optimal contract can be written in terms of
promised value as a single state variable, but derive this property of an optimal contract.
Consider an arbitrary contract (U, A) = {U;, A;;0 < t < oo}. Define the the agent’s

continuation value at time ¢ by
W,(U, A) = E4 { / e "CT(U, — ¢(Ay)) ds|F| (6)
t

Notice that process W (U, A) can be associated with any contract. Define the value that

the agent expects from an entire strategy A given the information at time ¢ by
00 t
Vi(U,A) = E4 {/ e " (Us — c(Ay)) ds\]—"t] = / e (U, — c(Ay)) ds +e "W (U, A) (7)
0 0

Note that, since both U, and A, are bounded, V; is a bounded martingale under Q4 with
last element Voo (A,U) = [;% e (Uy — ¢(Ay)) ds.

Lemma 1. Assume that filtration {F;} satisfies the usual conditions. Then process
Vi(U, A) has a RCLL modification.

PrROOF. Since V is a martingale, the function ¢ — FEV, is constant, thus right-
continuous. Then by Theorem 1.3.13 of Karatzas and Shreve (from now on K-S), a RCLL
modification exists. QED

Proposition 1. Representation of the agent’s value as a diffusion process.

There exists a progressively measurable process Y = {Y;, F;0 <t < oo} such that

< o0

t
EA |:/ (6—7“SY'S>2 ds
0

for every 0 <t < oo and

t
Vt(U,A)_/ e Y, dZA + V(U A); 0<t < o0 (8)
0
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PRroOF. This result follows immediately from the Theorem on Representations of Brow-
nian, Square-Integrable Martingales as Stochastic Integrals (K-S, p.182). The factor e "

in front of Y; is just a convenient rescaling. QED

From (7) and (8) it follows that
AVi(U, A) = e ™Y, dZA = e (U, — c(Ay)) dt — re " Wy(U, A) dt + e ™ dW,(U, A) =

AWy (U, A) = (rW (U, A) — Uy + ¢(Ay)) dt + Y, dZ3, (9)

This is a useful equation for the continuation value process W.

4.1 A Condition for the Optimality of the Agent’s Effort.

An agent’s strategy A is optimal with respect to U if it maximizes his total expected utility
Vo(U, A). To identify a condition for the optimality of agent’s effort, consider two alternative
strategies A and A*. Strategies A and A* induce probability measures over output paths
denoted by Q4 and Q4" respectively. We denote expectations under these measures by E4

and E4". The standard Brownian motions under measures Q# and Q4" are given by

t t
ZA = 1 (Xt —/ A ds) and Z = = (Xt —/ A ds) (10)
o 0 o 0

Lemma 2. Define V, to be the entire value that the agent expects to obtain if he

followed strategy A until time t, and plans to continue by following strategy A*

V= /Ot e (U, — c(Ay)) ds + BY Vtm e"3(U, — ¢(AY)) ds\]—"t] (11)

IfV, is a supermartingale under measure Q“, then strategy A* is at least as good for
the agent as A. If V, is a submartingale, but not a martingale, then A* is strictly worse
than A.

PRrROOF. Note that lim; ...V, = fooo e " (Us — c(As)) ds = Vo (U, A). Because V; are

uniformly bounded, by Dominated Convergence Theorem

lim EA[V,] = EA[Vao (U, A)] = Vo (U, A).

t—o0

IfV,is a supermartingale, then
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Vo(U, A) = lim EAV] < Vo = Vo(U, A),

so strategy A* is at least as good as A.

It V, is a submartingale, but not a martingale, then

Vo(U, A) = lim EA[V}] > Vi = Vy(U, A*),

t—o0

so strategy A* is worse than A. QED

Proposition 2. Necessary and sufficient condition for agent’s optimality. For
a given strategy A*, suppose that Y;* is the volatility of W;(U, A*) given by Proposition
1. A* is optimal if and only if the following condition holds for all alternative strategies A

almost surely:

YA —oc(A)) > YA —oc(Ar), 0<t<o0 (12)

PROOF. Recall that V;, defined by (11), is the value from following strategy A until
time ¢ and then switching to A*. Let us identify the drift of V.

t t t
Vi = / e " (c(AL)—c(Ay))ds+V, (U, A*) = / e_’"s(c(A:)—c(As))ds+/ e Y rdZE +Vo(U, AY)
0 0 0

t A _ A* t
- / e (C(A:) —c(As) + Y:ﬁ) ds + / e Y dZ 4+ Vi (U, AY),
0 o 0

where, by (10), the Brownian motions under Q% and Q4" are related by Z#" = ZA +

t Ag—A%
JlAA g

o

Thus \7t is a diffusion process under Q4 with drift

ot (YA — oc(Ay)) — (VA7 — oc(A7))

g

Suppose (12) holds for strategy A*. Then for any alternative strategy A the drift of v
under Q4 is never positive, so V, is a supermartingale. From Lemma 2 we conclude that
strategy A* is at least as good as any alternative strategy A.

If (12) does not hold on a set of positive measure, choose A; that maximizes Y;* A;—c(A;)
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for all ¢ > 0. Then the drift of V, under Q4 is everywhere nonnegative and positive on a
set of positive measure. Therefore, by Lemma 2, strategy A is strictly better than A*.
We conclude that a candidate strategy A* of the agent is optimal if and only if (12) holds
almost surely. QED

From Proposition 2 it follows that the minimal volatility of the agent’s continuation

value required to induce him to take action a > 0 is
v(a) = min{y € [0,0) : ya — oc(a) > ya’' — oc(d’) for alla’ € A}.

4.2 The Principal’s Problem.

Consider the problem of maximizing the principal’s profit subject to delivering to the agent
a specific value Wy € [0, Wg]. The optimality differential equation, which is reproduced

below, is the key tool for finding an optimal contract.

,, PF(W) — at g(w) = POV = u+ (a))
P = b IRE

We first explore solutions to equation (13). Then, based on an appropriate solution to

(13)

this equation, in Proposition 3 we identify a sufficient condition, under which a contract is
optimal. Based on this condition, we construct an optimal contract in Proposition 4 using

a strong solution of equation (2).

Lemma 3. Given initial conditions F'(0) = 0 and F'(0) = F,,, a solution to equation

(13) exists and is unique. Such solutions are concave and continuous in F,.
PROOF. See Appendix.

Among solutions to (13) with £, > 0 that reach F at some W, > 0, consider the
solution with the largest F,, call it the highest feasible solution and denote it by F' :
[0, Wy] — R. Figure 3 shows several typical solutions of equation (13) marked by A, B and
C. On the figure, solution B is the highest feasible solution. For now, assume that such a
solution exists. Then F(W) > Fy(W) for all W € [0, Wg]. Otherwise, if we increase F,
slightly, the corresponding solution would still reach Fy at some positive value of W, which
means that we did not choose F}, correctly. Since F' is concave and F(W) > Fy(W) for all

W, any line tangent to F' never goes below Fp, i.e.
VW, W' F'W)Y(W = W)+ F(W) > Fo(W') (14)
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WQP

Figure 3: Typical solutions of the optimality equation.

Define u(W) and a(WW') to be the minimizing values associated with the highest feasible
solution F' of equation (13).

Proposition 3. Sufficient condition for optimality of a contract. Consider
the highest feasible solution F' of the optimality equation, as defined above. Consider a
contract (U, A) that induces continuation values Wy = W, (U, A) with Wy € [0, W,,]. Denote
the volatility of Wy by Y;, and define 7 = inf{t : W, = 0 or W,,,}. This contract is optimal

in delivering value Wy if

Ui =uWy), Ay =a(W;), and Y; =v(A;) fort € [0,7)

(15)
U=rW., A;=0, and Y; =0 fort > 71

To prove Proposition 3, we will need the following lemma:

Lemma 4. Suppose (14) holds for a function F' : [0, Wy| — R that solves (13). For an

arbitrary incentive compatible contract (U, A) define

t t
Gy(UA) = / e " dXs — / e "g(Uy) ds + e ""F(W, (U, A)), 0<t< 0.
0 0
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Then G(U, A) is a Q-supermartingale with a last element

Go(U, A) = / e dX, — / e g (U,) ds (16)
0 0

Moreover, if a contract satisfies (15), G; is a martingale.

PrROOF. By exploring the drift of G, let us show that G is a supermartingale for an
arbitrary contract, and a martingale for a contract that satisfies (15) for t € [0, 00). For an
arbitrary contract (U, A), according to equation (9) W (U, A) satisfies

AW, = (rW, — U, + c(A,)) dt + Y, dZ:.

By Ito’s formula

2 2
dF(Wt) = FI(Wt) th + F”(Wt)YTt dt = (FI(Wt)(’f’Wt - Ut + C(At)) + F”(Wt)%) dt + F/(Wt)Y;g dZiA

Thus,

dG, (U, A)

6—rt

(At —g(Uy) = rF(Wy) + F'(Wy) (rWy — Uy + ¢(Ay)) + F”(Wt)%;) dt+(o+F'(W,)Y,)dZ.

From Proposition 2, we know that since the contract (U, A) is incentive compatible,
Y: > v(A) for all t. If A; > 0, then using (13) and F” < 0 we obtain

2

A, — g(U) — rF(W,) + F' (W) (rW, — Uy + c(A)) + F”(Wt)% <

a(W0) — g(u(W) — rF(W;) + F(Wi) (Wi — (W) + c(a(Wi) + F(1w;) LT

=0.

Equality is reached when the contract satisfies (15).
If A; =0, then using (14) and F” < 0 we obtain

Ay = g(U) = rF(Wy) + F' (W) (rWi = U + (Ar)) + 15’”(“4)%2 <

rFo(U)r) — rFE(Wy) + F' (W) (rW, — Uy) < 0.

Equality holds when Y; = 0, rW;, = U, and F(W;) = Fy(Wy).
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We conclude that the drift of GG is negative or zero for an arbitrary incentive compatible
contract, and zero for a contract that satisfies (15).

Using (K-S, 1.3.19), to show that G has a last element G, defined by (16), we need to
check that Gy,0 <t < oo are uniformly integrable. Terms e~ F(W) and fot e " g(Us) ds
are uniformly integrable since they are uniformly bounded. Term fot e " dX, has a uni-
formly bounded second moment, therefore it is also uniformly integrable. Since e " F (W)
converges to 0, G converges to G pointwise and in L.

This concludes the proof that G;,0 < t < oo is a supermartingale for an arbitrary

incentive-compatible contract (U, A) and a martingale for a contract that satisfies (15).
QED

PROOF OF PROPOSITION 3. Consider a candidate contract (U*, A*) with volatility of
continuation values Y* that satisfies (15), and an arbitrary alternative incentive-compatible
contract (U, A). Let us show that (U*, A*) gives the principal profit greater or equal than
(U, A). Using Lemma 4

EN G (U, AN = Go(U*, A*) = F(Wy) = Go(U, A) > EA[G (U, A)].
QED

What if for all F'(0) = F, > 0, the corresponding solution to (13) stays above Fj
for all W > 07 Then there is no contract that gives the principal nonnegative profit for
any Wy > 0. Indeed, consider F' that solves (13) with initial conditions F'(0) = 0 and
F'(0) = 0. Since F' is concave, F(W) < 0 for all W > 0. From the continuity of solutions
in initial conditions, F'(W) > Fo(W) for all W. Therefore, (14) holds and Lemma 4 applies
for an arbitrary incentive-compatible contract (U, A). Therefore, the principal’s profit from
contract (U, A) is

Proposition 4. Existence of an optimal contract. If a(W) has bounded variation,

then equation

;= (7= () + cfatiwy) - DY g 0D g,

g o

with an initial condition W, € [0,W,,| has a unique strong solution until the time 7 =
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inf{t : Wy = 0or Wy, }. Then the the contract (U, A) defined by

U =u(Wy), and A; = a(Wy), fort e [0,7)

(18)
Us=rW,., and A; =0, fort > 7

is optimal in delivering to the agent value W.

Whenever we talk about a solution W; until a stopping time 7, assume for convenience
that W, stays constant from 7 onwards. The following lemma, which follows from Theo-
rem 4 of Veretennikov (1979), gives sufficient conditions for existence and uniqueness of a

solution to a one-dimensional SDE.

Lemma 5. Let X = {X;, ;0 <t < oo} be a one-dimensional Brownian motion. If
b and y are Borel and bounded, y is bounded away from zero and has bounded variation,

then equation

has a unique strong solution.

Lemma 6. If a(W) has bounded variation, a strong solution to (17) until the stopping

time T exists and is unique.
PRrROOF. Define (W) = rW — w(W) + c(a(W)) and y(W) = ~v(a(W)). Clearly, both
b and y are bounded for W € [0, W,,]. Since a(WW) has bounded variation, y(WV) also has

bounded variation, and since y(a) is bounded above 0, y(W) is also bounded above 0. It

follows from Lemma 5 that equation (17), which can be written as

y(Wt) e
g

has a unique strong solution until the stopping time 7. QED

Lemma 7. Let W be the unique strong solution to (17). Define (U, A) by (18). Then
W, indeed represents agent’s continuation value associated with the contract (U, A), i.e.
Wy = WU, A) a.s.

PRroor. Consider

t
V, = e "W, +/ e "(Us — c(Ay)) ds,
0

and let us show that V; = V,(U, A). Note that V' satisfies
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A Ary(A
1), - Al dt) — e ty(Ay)dZE,

o o

dVy = e " (dW; — (rWy — Uy + c(Ay)) dt) = e (

so V is a martingale under Q4. Also, note that V' is uniformly bounded, and lim;_ .. V; =

Veo(U, A). Therefore, using the Dominated Convergence Theorem,

Vi = lim E[Vi|F] = EVe(U, A)|F] = Vi(U, A).

§—00

for 0 <t < oo. Then,

t t
KW%_%i/Hﬂu—d&Wh_WMM—/e%wymMM$_€mM@AL
0 0

so Wy = Wy(U, A) almost surely. QED

PROOF OF PROPOSITION 4. A strong solution W to (17) exists by Lemma 6. Define a
contract (U, A) by (18). By Lemma 7, W, is the true continuation value. Therefore, (U, A)
satisfies (15), so by Proposition 3 it is the optimal way to deliver value W,. QED

Propositions 1 through 4 give us the form of an optimal contract to deliver a particular
value Wy to the agent, and verify that such a contract is indeed optimal. To devise an
optimal contract that satisfies agent’s participation constraint (1), the principal must choose
an initial promised value W, € [W, W] that maximizes his profit F(WWp). Since F is a

concave function with maximum at some point W*, we have

W+ if W< W+
Wo=14 W if We[WW,]
no contract if W > W,

5 Comparative Statics.

For the rest of the paper, let us consider the binary-action case with A = {0,a}. By
Proposition 2, the volatility of continuation values required to induce effort a is v(a) =
c(a)o/a. The following change of variables is useful for comparative statics analysis: Denote
average value by w = rW, average profit f(w) = rF (W) and average retirement profit
folw) = rF(W) = —g(w). Let wy, = rWy, and wy, = rW; . Then equation (13) can be
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conveniently rewritten as

() — main L)L) =) = folu) —a = f'@)ela)
g r(e(a)o/a)?/2

We are interested in the effect of the following parameters on the principal’s profit and

(19)

the optimal contract: effort level a, which reflects productivity, cost of effort ¢(a), discount
rate r and the volatility of output o, which reflects the size of informational problem.
The first result is that changes in volatility of output are equivalent to changes in the
discount rate in terms of their effect on the principal’s profit and the optimal contract.
The intuition behind this result is that when discounting is slower, the principal has longer
time to observe output and detect the agent’s effort, which is equivalent to having lower

volatility of output for faster discounting rates.

Result 1. Changing o? by a factor of o has the same effect on the principal’s profit as

changing r by a factor of «.

PROOF. Equation (19) is the same whether we change o2 or r by a factor of a. Therefore,
both of these changes have the same effect on the principal’s profit. QED

The following lemma is the key engine in proving a lot of other comparative statics

results:

Lemma 8. Let h(f, f',w) be the right hand side of (19) for parameters (a,c(a),o,),
and h(f, f',w) be the right hand side of (19) for parameters (@, &(a), &, 7). Let f : [0,Uy] —

R be the principal’s average profit for parameters (a, c(a),o,r). If

h(f (W), f'(w),w) < h(f(W), ['(w),w)

for all w, then the principal’s profit for the second set of parameters is at least as great as

for the first set of parameters for all w.
PROOF. See Appendix.

Result 2. The principal’s profit is increasing in a, decreasing in c¢(a), decreasing in o,

and decreasing in r.

PROOF. It is easy to check that increasing a, decreasing c(a), decreasing o, or decreasing
r decreases the right hand side of (19). Therefore, using Lemma 8, we conclude that the

principal’s profit must increase. QED
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Note that increase in a increases the principal’s profit it two ways: by increasing pro-
ductivity and by making it easier for the principal to detect effort. Also, increase in ¢(a)
has two consequences: it decreases the flow of utility to the agent and makes it more dif-
ficult for the principal to give the agent incentives. The decrease in the flow of utility to
the agent has a positive effect on the principal’s profit when he is punishing the agent with
consumption 0, but the increased difficulty to give the agent incentives always overweighs
this positive effect. Thus, when c(a) increases, the principal’s profit decreases overall.

The following result is quite nontrivial. It shows that increase in productivity is worth-
while even if it causes an equivalent increase in the cost of effort, and even if it exacerbates

informational problems.

Result 3. If we increase a, c(a) and o? by a factor of a > 1, then the principal’s profit

increases.

ProOOF. Let h(f, f’,w) be the right hand side of (19) for parameters (a,c(a),o,r),
and iz(f, f',w) be the right hand side of (19) for parameters («a,ac(a),/ao,r). Denote
by f :[0,wgy] — R the principal’s average profit for the first set of parameters. For all
w € [0, wgy),

F'(w) > flwg) = folwg) 2 folwg,) = —a/c(a) = a+ f(w)e(a) > 0.

Consider an arbitrary w € [0, w,,). From (14), b = min,, f(w)+ f'(w)(u—w) — fo(u) > 0.

Therefore, we have

(). £w)) = L) D0 D) ). )

Therefore, by Lemma 8, the principal’s profit must be higher for parameters (aa, ac(a), v/ao, r)
than for parameters (a, c(a), o, 7). QED

6 Asymptotic Contracts as r — 0.

It is best to formulate the theorem about optimal contracts in the limit as 7 — 0 in terms of
averages. Let fr, be the principal’s first best average profit, the upper envelope of fy(w) and
fo(w + c(a)) + a. We know from earlier analysis that w,, < wy , where fi(w; ) = —a/c(a).
Note that u(w/r) is the flow of consumption utility that the agent receives when his average
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promised value is w.

*

9p
first best pointwise on (0,w;,). The agent’s flow of consumption utility under the optimal

Theorem 2. Asr — 0, wy, — w;, and the principal’s average profit f converges to

contract u(w/r) converges to w + c(a) pointwise on (0,w; — c(a)) and to w; pointwise on
[wg, — c(a),wy,). For w € (0,w;, — cla)), f(w) = fr(w)+ ff(w)ry(a)?/2 + ofr).
PROOF. See Appendix.

According to Theorem 3, the principal’s average profit converges to first best, which
is consistent with the Folk Theorem. The total loss of efficiency accumulated over time is
approximately a constant, which equals

fpw(@)®  g"(u)c(a)?0?  daPo®

2 2a? 2

where § = ¢”(u)/g'(u)? is the agent’s coefficient of absolute risk aversion and o = c(a)g’(u)/a
is the piece-rate.

Let us discuss the optimal contract. The contract features several prominent intervals
of the agent’s values. On the main interval (0,w;, — c(a)), which we can call regular
employment, the agent receives compensation for the cost of his effort and the annuity
value of W, in the form of consumption utility. Therefore, on this interval the agent’s value
is asymptotically driftless.

There is a small probationary interval of values [0,€), where the agent receives con-
sumption 0. In the probationary interval the agent’s value has a strong upward drift. The
principal compensates the agent for his effort exclusively with continuation values. This
is optimal for the principal, because his profit actually increases in the agent’s value. The
low retirement point is extremely costly for the principal. A simple calculation shows that
even if the agent chooses no effort in the probationary interval, his value would still have

a slight upward drift.

gp
point. In that interval the agent receives approximately constant consumption utility, which

There is also a special pre-retirement interval (wy, — c(a),w;,) near the high retirement
is equal to his “golden parachute” consumption utility. The agent’s value has an upward
drift towards the high retirement point. Unlike near the low retirement point, the principal
is not trying to prevent high retirement. The principal chooses retirement with a golden
parachute, whereas he is forced to retire the agent if the low retirement point is reached.

Throughout the pre-retirement interval, the agent is supposed to put effort. If he chose
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not to, a simple calculation shows that his value would drift down towards the regular
employment interval. The agent is compensated for his effort partly with consumption,

and partly with the increasing chance of a golden parachute.

7 Extensions.

The basic model presented above has great flexibility, which allows us to include new
features with ease, according to the situation that we are trying to illustrate. Here are
three possible extensions. First, for legal reasons, it may be impossible to implement
contracts that bind the agent to the principal forever. What if the agent can walk away?
Second, we assumed that when the principal retires the agent, he shuts down the factory
and does not make any production profit or loss anymore. What if, upon retiring an agent,
the principal could hire a new one? Third, we assumed that ¢’(0) = 0, i.e. the marginal
utility of consumption is infinite at consumption 0. How does the optimal contract change

if we allow for bounded marginal utility (¢’(0) > 0)?

7.1 What if the Agent Can Quit?

Suppose that the agent can quit working for the principal at any time, and replace his
continuation value from contract with the principal by an alternative outside value W <W.
The alternative value W can be interpreted as value from a new employment minus the
search cost. What is the optimal contract in this situation?

Let us precisely describe the principal’s problem. The principal has to specify a stream
of consumption utility U;, 0 < ¢t < 7, an incentive compatible advice of effort level A,
0 <t < 7, and a stopping time 7, at which the agent is allowed to take alternative

employment. The principal’s objective is to maximize his profit

E [/ e " dX, —/ e "g(Uy) dt} :
0 0

E |:/ E_Tt(Ut - C(At))dt + e_TTW:| Z W
0

subject to

and for all t < 7

E {/ eTET(U, — ¢(Ay))ds + e_T(T_t)W} >W.
¢
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By analogy with the basic model, it can be shown that the optimal contract in this

setting has the following form: The principal has to solve the familiar optimality equation

" o rFW) —a+g(u) = F'(W)(rW —u+c(a))
PO =, EE

by setting F'(WW) = 0 and choosing the highest positive value for F’(WW) such that the

resulting solution will touch Fj at some point W, > W. If there is no such value for F’(W),

(20)

then no contract can give positive profit to the principal. Denote by u : [/, ng] — [0, Uy]
the consumption utility and by a : [W, ng] — A, the effort, which solve the minimization
problem in (20).

The principal will compute the agent’s continuation value according to equation (2),
starting with a value W, which maximizes F on the set [IW/, W,,), provided that F(W;) > 0.
If F(Wy) < 0, then there is no contract that gives the principal positive profit, so he will
refuse to offer employment to the agent. If F'(W) > 0, then the principal will offer to the
agent a flow of utility u(W,) and suggest action a(W,) until the time when W, hits W or
ng. If W, hits W, payments stop and the agent quits. If W, hits ng, the agent stops
working and receives a lifetime flow of utility of ngp.

In this setting, we can show that the principal’s profit and ng are both decreasing in
W when there is any contract at all that gives the principal positive profit. Intuitively,
the larger W, the less ability the principal has to punish the agent, the smaller his profit
will be. Why does the agent get high retirement earlier when W is larger? When W is
large, the size of profit that the principal can make in case W drifts down contributes to
the decision whether to retire the agent or not. When W is larger, the principal’s profit is
smaller, so he has less incentive to keep the agent employed, and ng must fall.

A typical contract is shown in Figure 4 for an interesting example when W =W.In
this case, if there is a contract that gives the principal positive profit, then he will always
start off the agent with an initial promised value W strictly greater than . In this case,

Wy is the point at which F' achieves a maximum.

Remark. We have implicitly assumed that payments to the agent have to stop if the
agent quits and that the agent will not seek re-employment if the high retirement point
is reached. Both of these are natural assumptions. Indeed, if the low retirement point is
reached, the agent is in the probationary region and receives payments of 0. The principal
is keeping the agent’s value down at his own cost. Payments after the agent quits would

improve the agent’s value, which is opposite to what the principal is trying to achieve.
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Figure 4: The principal’s profit with an alternative participation constraint.

Therefore, it is optimal not to compensate the agent if he chooses to quit. On the other
hand, suppose that all employment available to the agent is of the same nature. If it is
efficient for one principal to retire the agent with a golden parachute, then the agent is so

well off that nobody can efficiently make him work, so nobody will offer him employment.®

7.2 What if the Principal Can Replace the Agent?

Suppose instead that the agent cannot freely quit, but the principal can let him go at
any moment of time and hire a new agent. Assume that all potential agents have the
same reservation value W to start employment, and the principal faces a search cost C. A
contract specifies when employment ends, and payments to the agent both before and after
the termination of employment. After an agent stops working for the principal, he stops
putting effort, but continues to consume payments from the principal, and does not seek
reemployment. What is an optimal contract in this situation?

To compute an optimal contract, let us take a guess D = F(W,) — C about additional

5Tt is possible to imagine an alternative setting where, once the agent is retired with a golden parachute,
he can accept employment of a different nature, which was not possible earlier. This would be a very
interesting alternative extension.
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Figure 5: The principal’s profit when the agent can be replaced at cost C.

profit that the principal can realize when he fires an agent and replaces him with another.
Then the new retirement profit function is Fo(W) = —g(Wr)/r + D. To find the optimal
contract, the principal must solve the familiar equation (20) with initial conditions F'(0) =
Fy(0) = D and maximal F’'(0) > 0 such that the resulting solution will reach F at some
point W, > 0. Choose W, to be the point that maximizes the resulting function F' on the
interval [V, Wpl, where W is the agent’s reservation value. Our guess of D is correct if
F(Wy) = D+ C. If it happens that F(W,) < D + C, then our guess of D is too large, and
if F(Wy) > D + C, then our guess of D is too small. Once we find F(W), the optimal
contract will give the agent starting value Wy (in Figure 5, Wy = W) and take the usual
form. Note that due to the principal’s ability to replace an agent, his profit may be greater
than the first best profit with just one agent.

In this setting, we find that W, is increasing in C. This is a natural conclusion, since
when it is less costly to replace an agent with a new one, the principal will retire the old

agent sooner.

7.3 What if ¢/(0) > 0?

We assumed so far that ¢’(0) = 0, which means that the agent’s marginal utility at con-

sumption 0 is infinity. If the agent’s marginal utility at consumption 0 is finite, then the
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Figure 6: When ¢'(0) > 0, the probationary interval is greater than [0, W*].

optimal contract can be found by the same procedure as before. In this altered setting,
point W*  at which function F' is maximized, will lie strictly inside the probationary interval
0, W,]. Point W, is defined by F"(W,) = F{(0) < 0.° Therefore, if the agent’s reservation
value is W < W*, then the agent’s starting value will be Wy = W* and the agent will start

strictly inside the probationary interval. A typical example is shown in Figure 6.

8 Conclusion.

This paper develops a new flexible method of analyzing long-term interaction between a
principal and an agent. Continuous-time modeling allows us to better explore informa-
tional problems when the agent’s effort is unobserved. Contracts in continuous-time can
be characterized by the volatility and drift of the agent’s promised value. The volatil-
ity of the promised value summarizes the agent’s incentives. Higher volatility induces a
higher effort level. The principal will choose a volatility that induces the optimal effort
level, maximizing output minus the cost of effort and the cost of providing incentives. At
the same time, the drift of the agent’s continuation value depends on how the principal
chooses to pay up his promises over time. The principal will choose a payment scheme
under which the marginal cost of delivering utility to the agent is a martingale. We call

this effect compensation smoothing. An optimal contract features an employment interval

In the optimality equation, u = 0 will be chosen when F'(W) > —¢’(0) = F}(0). Otherwise, the
minimizing choice of u is positive and satisfies the first-order condition F'(W) = —¢'(u).
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with two retirement endpoints. Inside the employment interval the agent’s continuation
value follows a diffusion process with drift and volatility determined by the considerations
above. Once the agent’s value hits a retirement point, it is most efficient for the principal
to compensate the agent with constant consumption and allow him to choose an effort level
of zero forever.

The reason for existence of a low retirement point is that the principal cannot deliver
to the agent any value below zero. The agent can always guarantee himself value zero by
putting no effort. In other words, zero is the agent’s minmax payoff. The existence of a
high retirement point is more surprising. In many situations, which are not covered by our
model, the agent gets promoted after good performance, because the agent’s performance
reflects his skill level. In our model, we show that even if all agents are of the same skill
level, the optimal contract features a high retirement point due exclusively to the income
effect: the fact that when the agent becomes wealthy, it costs the principal too much to
compensate him for his effort. Under the optimal contract, once a retirement point is
reached, the agent remains there forever.

Several open questions for further research come to mind from the basic continuous-time
model presented in this paper. First, what do optimal contracts look like when the agent
can save and borrow behind the principal’s back?” This would be a much more realistic
situation for many applications, but the answer to this problem remains extremely difficult.
The contract proposed in this paper would be vulnerable to many deviations in the setting
where the agent could save and borrow. The agent would save his income to insure himself
against future manipulations by the principal. One way to approach this problem is to
add a restriction on the contract that the payments to the agent must induce a martingale
marginal utility of consumption. Then the agent would not be able to improve his welfare
by deviating only with his effort, or only with his savings. This idea is investigated in a
first-order approach taken up in discrete time in Werning (2002). His approach is very
useful in providing an upper bound on the principal’s profit, since the first-order conditions
are necessary for incentive compatibility. However, does the first-order approach guaran-
tee full incentive compatibility of contracts? First-order conditions probably do imply full
incentive compatibility when the agent’s cost of effort is sufficiently convex, but the neces-
sary conditions on the cost of effort are hard to identify. When the agent’s choice of effort

is binary, the first order approach fails as the following verbal argument demonstrates:

7If the savings were observable and contractible, then the principal would be able to achieve the same
profit as if the agent could not save or borrow.

31



under any scheme proposed by the first order approach, the agent’s marginal utility of
consumption is a martingale. When the agent is supposed to put positive effort, the first
order condition implies that he is indifferent between positive effort and effort zero, given
that he does not alter his consumption pattern. The agent’s deviation to effort zero would
modify the underlying probability measure, so that with the original consumption pattern
his marginal utility of consumption will be a submartingale. Therefore, by saving appropri-
ately the agent can strictly improve his utility. We conclude that under an optimal contract
subject to just first order incentive compatibility conditions, the agent always has a prof-
itable deviation, which involves choosing effort zero and increased savings. Kocherlakota
(2003) shows that the first order approach is invalid when the agent’s cost of effort is linear
in the unemployment insurance problem, and develops a number of new elegant ideas to
solve the problem. There is hope that the answer to the question of hidden savings can be
found by applying the work of Williams (2003), who considers the possibility of a hidden
state variable.

It would be interesting to apply the basic model developed in this paper to describe
a market with multiple agents and principals. Due to the flexibility of a continuous-time
model, this direction is promising. The optimality equation allows us to use calculus to
determine how contracts depend on the parameters of the production technology. Also, we
found that the same equation describes an optimal contract under alternative boundary
conditions for various values of the agent’s quitting value W and the cost of replacement
of an agent C. One can imagine a dynamic market with random entry and exit of princi-
pals and agents. For an added twist, one can imagine also that principals have different
production technologies and agents have different observable skill levels. What happens in
a dynamic equilibrium? How are values of W and C' determined endogenously, and how

do they vary over time and across population?

9 Appendix.

PrOOF OF LEMMA 3. First, we need to verify linear growth and Lipschitz conditions. This
will imply existence, uniqueness and continuity of solutions in initial conditions. Define

P — — ¢’ —
H(®, &', W) = min r a+ g(u) 2(7’W u+ c(a))‘
wa V(a)?/2
We are exploring equation

F'(W) = H(E(W), F'(W),W). (21)
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There are constants K and L such that

r |rW —u + c(a)
Gape =t e St

Therefore, the linear growth conditions hold. To verify a Lipschitz condition, consider
a pair of points (®,®’) and (¥, V') in the phase space of F' and F’. Assume without
loss of generality that H(V, V' W) > H(®,d', W), and that (u,a) are the minimizers of
H(®,d',W). Then

Vu,a, W

, r¥—a+g(u) — V' (rW—u+c(a)) _r®—a+g(u) — ' (rW—-u+c(a))
H(U, W, W) < 73 _

(a)?/2

and H(®,®', W)

= [HW, U, W) — H(®,&,W)| = H(V, ¥, W) - H®, &, W) < | —b|K + |V —&|L.

Next, let us show that a solution that starts from initial conditions F'(0) = 0 and
F'(0) > 0 is concave. Let us show that if ever H(®,®’, W) = 0 on the path of a solution,
then then the corresponding solution must be a straight line F(W') = & + (W' — W)d'.
We need to verify that H(® + (W' — W)d', &' W) =0 for all W :

H((I) + (W’ _ W)(I),, (IDI, W/) _ IE}an T(I)+(W’_W)(I) —24(—657)(2172_ d (TW/—u—i—c(a)) _
min r®—a+g(u) — ' (rW-u+tc(a))
u,a 7(@)2/2

= H(3,d', W) = 0.

Because H (0, F'(0),0) < 0, the solution that starts from initial conditions F'(0) = 0 and
F'(0) > 0 is not a straight line. Therefore, H(F(W), F'(W), W) never reaches 0 on the
path of F, and so H(F (W), F'(W),W) must remain negative. This completes the proof
that solutions to (13) with initial conditions F'(0) = 0 and F’(0) > 0 are concave functions.
QED

Proor or LEMMA 8. Consider solutions to
" = h(f, f,w) (22)

with initial condition f(0) = 0. Since h(0, f'(0),0) < (0, f'(0), 0), the solution to (22) with
f(0) = f'(0) + € just hit f at some point w, for all small € > 0. As we increase €, from the
continuity of solutions in initial conditions, w. increases until it reaches wy, where f hits
fo, or f becomes tangent to f at w.. The latter is impossible, however, since this would
imply that 3 .

7<= h(f(we), fl(we), we) < h(f(we), ['(we), we)-

We conclude that @y, > wgy,, and the profit curve f for the second set of parameters stays
above f on [0, wg,]. QED
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PrROOF OF THEOREM 2. We will go loosely through the argument behind the proof,
to spare the reader of long precise calculations. Note that when the principal chooses to
deliver to the agent consumption utility u, he gets a flow of profit a — g(u) = fr(u —c(a)).

First, to find a lower bound on the principal’s profit, consider a scheme under which
the principal induces the agent to work for w € (0,w;, — c(a)), and retires him when w
hits 0 or w;, — c(a). Suppose when the agent’s average value is w, the principal gives him
consumption utility u = w + ¢(a). Then the principal’s profit under the optimal scheme is
certainly greater or equal to the principal’s profit under this scheme. Under this scheme
the agent’s average continuation value evolves according to

dw; = ry(a)dZ;.

Denote by 7 the retirement time. For all wy € (0,w}, — c(a)), Ele™""] converges to
0 exponentially fast, so the contribution to profit from the agent’s retirement becomes
negligible. Ignoring retirement, we can evaluate the principal’s average profit from this

scheme as
g R Var[ ‘)
F " dt| =
r[Ae mwt]rée Frn(o) + Y2 oy

m(a)z
9

— 7’/000 e‘?“tffb(wo) r 7( ) f (WO) dt = ffb(wo) + f},b(wo) + 0(7’2).

This gives us a lower bound on the principal’s profit

ry(a)?
9

fw) = fr(w) + ().

Any line tangent to f lies above f, and f has to be above its lower bound for all
€ (0,w};, — c(a)). Therefore, f(w) + f'(w)(v — w) has to lie above

o)+ 0 = oo+ efa)) + a+ DL ),
For v = u — ¢(a) we obtain
f"(w) _ f(w)+f/(w)(u_c( ) ) fO( ) Z f],c/b(U).

ry(a)?/2

The last inequality is strict when the corresponding line tangent f lies strictly above the
lower bound. But f”(w) < ff,(v) is impossible since then the corresponding solution f to
(19) would have to end up above ff,. We conclude that all lines tangent to f must be also
tangent to the lower bound and, since f is strictly concave, this is only possible when f is
approximately at the lower bound. Thus we have

) ~ fpler) + L

f]/‘/b(w)‘
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From the optimality equation (19), we must have f'(w) = ff,(u(w/r) — c(a)), so
u(w/r) ~w+ c(a) for w € (0,w; — c(a)). Since u(w/r) is increasing in w,

wi —c(a)
u(wgp/1T) = Wep > u (QPT) ~ w;p’

*

so we conclude that wgy, — wy, and u(w/r) — w;, for w € (w;, — c(a),w;,).
Finally, since f(w) — fp(w) on (0,w}, — c(a)) and f is concave, the principal’s profit
must converge to first best on (w;, — c(a),w;,) as well. QED

35



References.

[1] Abreu, D., Pearce, D., and Stacchetti, E. (1986) ”Optimal Cartel Equilibria with
Imperfect Monitoring.” Journal of Economic Theory Vol. 39, pp. 251-269

[2] Abreu, D., Pearce, D., and Stacchetti, E. (1990) ”Toward a Theory of Discounted
Repeated Games with Imperfect Monitoring.” Fconometrica Vol. 58, pp. 1041-1063

[3] Athey, S. and Bagwell, K. (2001) : “Optimal Collusion with Private Information.”
RAND Journal of Economics Vol. 32, No. 3, pp. 428-465

[4] Fudenberg, D., Holmstrom, B., and Milgrom, P. (1990): “Short-Term Contracts and
Long-Term Agency Relationships.” Journal of Economic Theory Vol. 51, No. 1, pp.
1-31

[5] Harrison, J.M. (1985) Brownian Motion and Stochastic Flow Systems. J. Wiley &
Sons, New York

(6] Holmstrom, B. and Milgrom, P (1987): “Aggregation and Linearity in the Provision
of Intertemporal Incentives.” FEconometrica Vol 55, pp. 303-328

[7] Karatzas, 1. and Shreve, S.: Brownian Motion and Stochastic Calculus. Springer-
Verlag, New York, 1991

[8] Kocherlakota, N.R. (2003): “Simplifying Optimal Unemployment Insurance: The
Impact of Hidden Savings,” mimeo

[9] Malcomson, J.M. and Spinnewyn, F. (1988): “The Multiperiod Principal-Agent Prob-
lem.” Review of Economic Studies Vol. 55, pp. 391-407

[10] Phelan, C. and Townsend, R. (1991) : “Computing Multi-Period, Information-Constrained
Optima.” Review of Economic Studies Vol. 58, pp. 853-881

[11] Veretennikov, A.Yu. (1979) “On the Strong Solutions of Stochastic Differential Equa-
tions.” Theory Probab. Appl. Vol. 24, pp. 354-366

[12] Werning, I. (2002) “Repeated Moral-Hazard with Unmonitored Wealth: A Recursive
First-Order Approach,” mimeo

[13] Williams, N. (2003) “On Dynamic Principal-Agent Problems in Continuous Time,”
mimeo

36




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


