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Abstract

Most studies of optimal monetary policy under learning rely on opti-
mality conditions derived for the case when agents have rational expec-
tations. In this paper, we derive optimal monetary policy in an econ-
omy where the Central Bank knows, and makes active use of, the learn-
ing algorithm agents follow in forming their expectations. In this setup,
monetary policy can influence future expectations through its effect on
learning dynamics, introducing an additional tradeoff between inflation
and output gap stabilization. Specifically, the optimal interest rate rule
reacts more aggressively to out-of-equilibrium inflation expectations and
noisy cost-push shocks than would be optimal under rational expecta-
tions: the Central Bank exploits its ability to ”drive” future expectations
closer to equilibrium. This optimal policy closely resembles optimal policy
when the Central Bank can commit and agents have rational expectations.
Monetary policy should be more aggressive in containing inflationary ex-
pectations when private agents pay more attention to recent data. In
particular, when beliefs are updated according to recursive least squares,
the optimal policy is time-varying: after a structural break the Central
Bank should be more aggressive and relax the degree of aggressiveness in
subsequent periods. The policy recommendation is robust: under our pol-
icy the welfare loss if the private sector actually has rational expectations
is much smaller than if the Central Bank mistakenly assumes rational
expectations whereas in fact agents are learning.
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1 Introduction

Monetary policy makers can affect private-sector expectations through
their actions and statements, but the need to think about such things
significantly complicates the policymakers’ task. (Bernanke (2004))

How should optimal monetary policy be designed? A particularly influen-
tial framework used in studying this question is the dynamic stochastic general
equilibrium economy where money has real effects due to nominal rigidities,
sometimes referred to as the “New Keynesian” model. Many papers have ex-
plored optimal monetary policy in this framework, under the assumption that
both agents and policymakers have rational expectationsﬂ More recently, the
literature has started to explore the robustness of these optimal policies when
some of the assumptions of the standard New Keynesian setup are relaxedﬂ
An important aspect of this robustness analysis is to model more carefully the
process through which the private sector forms expectations. This issue is par-
ticularly relevant given that there is a large body of evidence which suggests
that agents’ forecasts are not consistent with the paradigm of rational expec-
tationsﬂ In response, a growing theoretical literature explores the robustness
of the optimal policies, which were derived under rational expectations, when
instead agents update their expectations according to a learning algorithmﬁ A
typical result in this literature is that interest rate rules that are optimal under
rational expectations may lead to instability under learning.

Earlier research uses either ad hoc policy rules, as for example Orphanides
and Williams (2005a), or optimality conditions derived under rational expecta-
tions, like Evans and Honkapohja (2003b), Evans and Honkapohja (2003a) and
Evans and Honkapohja (2002). In this paper, we take a normative approach,
and address the issue of how in a New Keynesian setup, a rational Central Bank
should optimally conduct monetary policy, if the private sector forms expecta-
tions following an adaptive learning model.

We are able to analytically derive optimal monetary policy in our theoretical
model. One important feature of the optimal policy is that the Central Bank
should act more aggressively towards inflation that what a rational expectations
model suggests. Earlier work in the literature that uses ad hoc rules has shown
similar results computationally (see Ferrero (2003), Orphanides and Williams

ISee Clarida, Gali, and Gertler (1999) for a survey on this literature, and Woodford (2003)
for an extensive treatise on how to conduct monetary policy via interest rate rules.

2Wieland (2000a) and Wieland (2000b) look at the effects of parameter uncertainty; Aoki
(2002) and Orphanides and Williams (2002) explore monetary policy with for data uncertainty,
Levin, Wieland, and Williams (2003) and Hansen and Sargent (2001) study model uncertainty.

3See Roberts (1997), Forsells and Kenny (2002) and Adam and Padula (2003).

4For an early contribution to adaptive learning applied to macroeconomics, see Cagan
(1956), Phelps (1967), for early applications to the Muth market model see Fourgeaud,
Gourieroux, and Pradel (1986) and Bray and Savin (1986). The modern literature on this
topic was initiated by Marcet and Sargent (1989), who were the first to apply stochastic
approximation techniques to study the convergence of learning algorithm. Important earlier
contributions to the literature on convergence to the rational equilibrium are Bray (1982) and
Evans (1985).



(2005a), Orphanides and Williams (2005b)); here we establish that these results
extend to the case when the central bank uses the optimal policy, and provide
a formal proof. The intuition for the result is that aggressively driving inflation
close to equilibrium helps private agents to learn the true equilibrium value of
inflation at a faster pace. As is well-known, even with rational expectations
the central bank cares about price stability due to nominal rigidities. When,
in addition expectations of nominal variables are sluggish because of learning,
our results show that monetary policy should be even more aggressive towards
inflation. Being aggressive towards inflation generates a welfare cost in terms
of an increased volatility of the output gap. We show analytically that the
optimal policy involves a more volatile output gap then the rational expectations
benchmark; this holds true even if the Central Bank puts a high weight on output
gap stabilization.

A second important feature of the optimal policy is that it is time consis-
tent, and qualitatively resembles the commitment solution under rational ex-
pectations in the sense that the optimal policy is unwilling to accommodate
noisy shocks. As a consequence the impulse response of a cost push shock is
also similar to the commitment case. The contemporaneous impact of a cost
push shock on inflation is small (compared to the case of discretionary policy
rational expectations), and inflation reverts to the equilibrium in a sluggish
manner. In both instances this pattern comes from the Central Bank’s (CB)
ability to directly manipulate private expectations, even if the channels used
are quite different. Under commitment the policy maker uses a credible promise
about the future to obtain an immediate decline in inflation expectations and
thus in inflation; the inertia in the optimal solution is due to the commitments
carried over from previous periods. In contrast, under learning the pattern re-
sults from the sluggishness of expectations: the CB influences private sector’s
belief through its past actions, and the inertia comes from the past realizations
of the endogenous variables. We observe a smaller initial response of inflation
relative to the RE discretionary case because optimal policy reacts less to the
cost push-shock to ease private agents learning. In this sense, we can say that
the ability to manipulate future private sector expectations through the learning
algorithm plays a role similar to a commitment device under RE, hence easing
the short-run trade-off between inflation and output gap.

An analogous investigation, when the model is characterized by a Phillips
Curve a la Lucas and private agents follow a constant gain algorithm is per-
formed in Sargent (1999), Chapter 5. A parallel paper of Gaspar, Smets, and
Vestin (2005) provides a numerical solution to optimal monetary policy under
constant gain learning in the New Keynesian framework with indexation to
lagged inflation among firms. They show that an optimally behaving Central
Bank aims to decrease the limiting variance of the private sector’s inflationary
expectations and show that optimal policy qualitatively resembles the commit-
ment solution under rational expectations. In their framework private agents
estimate the persistence of inflation. Another important result they find is that,
when the degree of estimated persistence is high the central bank should be more
aggressive.



The ability to derive analytical solutions allows us to contribute to this
literature in several respects. We derive that optimal policy should be more
aggressive when private agents heavily discount past data and place more weight
on current data. Under constant gain learning this implies that the incentive to
decrease volatility of inflationary expectations is more pronounced when the gain
parameter is higher. The intuition behind this is: under constant gain learning
expectations remain volatile even in the limit, and this limiting variance is higher
with a high gain parameter; this volatility in expectations causes welfare losses
even in the limit, so it is optimal to conduct monetary policy against it. We also
show that optimal policy at the same time allows for higher volatility in output
gap expectations. The reason for this is that optimal policy allows for higher
variability of the output gap, which translates to higher volatility of output gap
expectations. Of course, allowing a higher variance in output gap also causes
welfare losses. We analytically determine the extent to which output gap losses
should be tolerated.

Our next contribution is to derive optimal policy under decreasing gain learn-
ing. We show that our main results are robust to the changing the gain parame-
ter: (1) optimal policy is aggressive on inflation even at the cost of higher output
gap volatility, (2) optimal policy under learning qualitatively resembles optimal
policy under rational expectations when the Central Bank is able to commit. A
new result is that when beliefs are updated according to a decreasing gain algo-
rithm, the optimal policy is time-varying, reflecting the fact that the incentives
for the Central Bank to manipulate agents’ beliefs evolve over time. After a
structural break, for example the appointment of a new central bank governor,
the Central Bank should be more aggressive in containing inflationary expecta-
tions and decrease the extent of this aggressiveness in subsequent periods. The
intuition for this result is that in the first periods after the appointment of a
new governor, agents pay more attention to monetary policy actions (place more
weight on current data), therefore an optimally behaving central bank should
make active use of this by aggressively driving private sector expectations close
to the equilibrium inflation.

Finally, we show that when the Central Bank (CB) is uncertain about the
nature of expectation formation (within a set relevant for the US economy)
the optimal learning rules derived in our paper are more robust than the time
consistent optimal rule derived under rational expectations. Optimal learning
rules provide smaller expected welfare losses even if the Central Bank assigns
only a very small probability to learning and a very high probability to rational
expectations in how it believes the private sector forms its expectations.

The rest of the paper is organized as follows: in Section[2]we analyze optimal
policy under constant gain learning where there is no exogenous cost-push shock;
in Section [3] we study how the introduction of the cost-push shock affects our
results; Section [4| relaxes the assumptions that expectations follow constant
gain learning, and show that out main results remain valid under decreasing
gain learning; Section [5| conducts policy proposal within a set of private sectors
expectation formation; Section [0] relaxes the assumption that the policy maker
can perfectly observe the fundamental shocks and the beliefs of the agents;



Section [ concludes.

2 The Model without a cost push shock

We will consider the baseline version of the New Keynesian model, which is by
now the workhorse in monetary economics; in this framework, the economy is
characterized by two structural equationsﬂ The first one is an IS equation:

vy = Bfwey — 0 (e — Ef T —7TT) + gt (1)

where x;, 7 and m; denote time ¢ output gayﬁ, short-term nominal interest rate
and inflation, respectively; o is a parameter of the household’s utility function,
representing the intertemporal elasticity of substitution, g; is an exogenous de-
mand shock and 77; is the natural real rate of interest, i.e. the real interest rate
that would hold in the absence of any nominal rigidity. Note that the operator
E} represents the (conditional) agents’ expectations, which are not necessarily
rational. The above equation is derived by loglinearizing the household’s Eu-
ler equation, and imposing the equilibrium condition that consumption equals
output minus government spending .

The second equation is the so-called New Keynesian Phillips Curve (NKPC):

Ty = ﬁE:Wt+1 + KTt (2)

where 0 denotes the subjective discount rate, and & is a function of structural
parameters; this relation is obtained by assuming that the supply side of the
economy is characterized by a continuum of firms that produce differentiated
goods in a monopolistically competitive market, and that prices are staggered
a la Calvo (Calvo (1983)) [}

The model with cost push shock will be examined in the next section. We
examine the case without cost push separately, because in this case learning
introduces an inflation-output gap tradeoff which is not present under rational
expectations (see below).

The loss function of the Central Bank (CB) is given by:

oo

BeY B'(x2 + aa?) (3)

t=0

where « is the relative weight put by the CB on the objective of output gap
stabilizationf]

5For the details of the derivation of the structural equations of the New Keynesian model
see, among others, Yun (1996), Clarida, Gali, and Gertler (1999) and Woodford (2003).

6Namely, the difference between actual and natural output.

"In other words, in each period firm i can reset the price with a constant probability 1 —6,
and with probability € it keeps the same price as in the previous period. If firms take this
structure into account when deciding the optimal price it can be shown (See Yun (1996)) that
the aggregate inflation is given by . K is decreasing in the level of stickiness, the longer are
prices fixed in expectation the smaller the effect of the output gap is on inflation.

8As is shown in Rotemberg and Woodford (1998), equation (3) can be seen as a quadratic




2.1 Benchmark: discretionary solution under rational ex-
pectations and under learning

A key feature of this model is that, if expectations are rational (i.e., if Ef = E),
there is no trade-off between inflation and output gap stabilization; in fact, fol-
lowing Gali (2003), we can solve forward equation and impose a boundedness
condition on 7, obtaining;:

oo
T = KBy Z B°Eyriy s
s=0

Therefore, if the CB stabilizes output gap in every period, under RE inflation
will also be equal to zero every period; moreover, this plan is time-consistent, in
the sense that the optimal plan chosen by the CB if optimizing at period t + 1
will be equal to the continuation of the optimal plan set when optimizing at ¢.
The absence of inflation bias is due to the fact that, differently from Barro and
Gordon (1983) and all the subsequent literature, the target for output chosen
by the CB is the natural level of output, and not a higher level; in other words,
the target for output gap is zero, as shown in . To restore an inflation
stabilization/output gap stabilization trade-off it is necessary to modify the
NKPC introducing a so-called cost-push shockﬂ

The lack of an inflation-output gap tradeoff can be also seen from the dis-
cretionary solution. Under discretion private agents take into account how the
monetary policy adjusts its policy, given that the monetary authority is free
to reoptimize every period. The discretionary rational expectation equilibrium
thus has the property that the Central Bank has no incentive to change its
policy (it is time consistent).

Since the Central Bank can not credibly manipulate beliefs, in the optimiza-
tion it takes expectations as given. The policy problem is to choose a time
path for the nominal interest rate 7 E to engineer a time path of the target
variables 7; and x; such that the social welfare loss is minimized, subject to
the structural equations and , and given the private sectors expectations.

min  Ey Z B (nf + axf) @
tmeeerediZo )

s.t. (1),

Etﬂ-t—‘r17 Etl't+1 given for Vit

Because there are no endogenous state variables, problem reduces to
a sequence of static optimization problems. As shown in Clarida, Gali, and

approximation to the expected household’s utility function; in this case, « is a function of
structural parameters.

9For a discussion of this point, see Gali (2003).

10We have chosen the nominal interest rate to be the instrument variable for easier inter-
pretation (as in real life it is usually a primary instrument of central banks). We could have
equally chosen 7 or x¢.



Gertler (1999), and the optimality condition to this problem (at time t) is

[
.Tt:—aﬂ't . (5)

Under rational expectations (henceforth RE) solving for the fixed point in ex-
pectations results that the Central Bank can set m; = 2y = 0 in all periods.
Under non-rational expectations (E*), using the optimal allocations are:

af .

T = mEtﬂ—H'l (6&)
KB

Ty = —mEt Ti41 - (6b)

and solving for r; from the structural equations and yields

T =TT+ 57];;HEt*7Tt+1 + 55HE:wt+1 + (Sngt (7)
where: Bl 3
K
671— =1 + Ua-‘rKQ
E =g
SEH — 5
9

and E; denote non-rational expectations. Throughout the paper we denote the
coefficients by EH referring to the paper Evans and Honkapohja (2003b), where
the authors derive a rule analogous to In the terminology introduced
in Evans and Honkapohja (2003b), Evans and Honkapohja (2003a) (EH here-
after), this is an exzpectations-based reaction function. EH show that this rule
guarantees not only determinacy under RE, but also convergence to the RE
equilibrium when expectations E} evolve according to least squares learning.

However, a rational Central Bank, knowing that private agents follow learn-
ing, could do even better. In other words the solution under learning is
not a full optimum. In the next section we show how optimal monetary pol-
icy is modified when the CB optimizes taking into account its effect on private
expectations.

2.2 Constant Gain Learning

We will assume that private sector’s expectations are formed according to the
adaptive learning literaturdﬂ in particular, we assume that agents’ Perceived
Law of Motion (PLM) is consistent with the Law of Motion that the CB would
implement under RE: in other words, both inflation and output gap are assumed
to be constant, and agents use a learning algorithm to find out this constant.

11n particular, Evans and Honkapohja (2003a) derive a rule in a framework where a cost
push shock is present.
12For an extensive monograph on this paradigm, see Evans and Honkapohja. (2001).



Throughout this subsection we will assume that expectations evolve following a
constant gain algorithm:

Eimi =ar = a1 +y(m—1 — ap—1) (8)

Efri g =b = b1 +y(wi—1 — bi—1) 9)

where v € (0,1).

The use of constant gain algorithms to track structural changes is well known
from the statistics and engineering literaturﬂ Analogously, private agents
would be likely to use constant gain algorithms if they confidently believe struc-
tural changes to occur. This algorithm implies that past data are geometrically
downweighted, in other words agents ’believe more’ current data. This approach
is closely related to using a fixed sample length, or rolling window regressions.

In Section [ we will relax this assumption, and examine how optimal policy
changes when agents follow decreasing gain learning.

To analyze the optimal control problem faced by the CB, we use the standard
Ramsey approach, namely we suppose that the policymakers take the structure
of the economy (equations and ) as given; moreover, we assume that the
CB knows how private agents’ expectations are formed, and takes into account
its ability to influence the evolution of the beliefs. Hence, the CB problem can
be stated as follows:

oo
min Ey Z BH(n? + ax?) (10)
{7, e, 7,00 41,0041 o =0

S.t. , a 7 @

ag, by given

This optimization problem is linear quadratic, the Bellman equation holds, thus
the resulting policy is time consistent E
The first order conditions at every ¢t > 0 are:

A = 0 (11)

27Tt - )\Qt + "Y)\gt = 0 (12)

2z + KAot — A1e +9 e = 0 (13)

By §A1t+1 + B hos1 + B(L— ) Aseg1| = st (14)
E [BMis1 + 81 =) Ag1] = I (15)

13See for example Benveniste and P. (1990), Part I. Chapters 1. and 4.

14 A problem solved at t is said to be time consistent for ¢ + 1 if the continuation from ¢ + 1
on of the optimal allocation chosen at t solves in t + 1; moreover, in period zero it is time
consistent if the problem in period ¢ is time consistent for ¢ + 1 for all t > 0.



where A, © = 1,...,4 denote the Lagrange multipliers associated to , (12),
and @, respectively. The necessary conditions for an optimum are the
first order conditions, the structural equations — and the laws of motion

of private agents’ beliefs, —@D. Combining equation and , we get:

Agp =B (1 —7) By [>\4t+1]

which can be solved forward, implying that the only bounded solution is:

Agg =0 (16)

If we put together equations - and , we derive the following opti-
mality condition:

K K
et e = BE: [ﬁ’ﬂtﬂ +(1—7) (a”tﬂ + $t+1>} (17)

Inflation-Output Gap Tradeoff

A crucial difference from the rational expectations case is that under learning
there is an inflation-output gap tradeoff even without a cost push shock. From
equation we can see that, if a; is different from zero, inflation and output
gap cannot be set contemporaneously equal to zero, as in the RE case. Hence,
the fact that the expectations are not rational, introduces a trade-off between
inflation and output gap stabilization that is not present under RE. In par-
ticular, we have the contemporaneous presence of two trade-offs. There is an
intratemporal trade-off between stabilization of inflation at ¢ and output gap at
t, determined by the presence of the nonzero term (a; in the Phillips Curve .
There is an additional intertemporal trade-off between optimal behavior at ¢
and stabilization of output gap at ¢t 4+ 1, which is generated by the ability of the
CB to manipulate future values of a. This can be seen from iterating forward
the optimality condition :

o0
gﬁt +ap = BB | Y B =] wigy
s=1
Hence, for a given positive value of x;, the optimal disinflation is less harsh
with respect to the one implied by , provided that future output gaps are
also expected to be positive. A smaller deflation in turn guarantees that future
inflationary expectations will be closer to the rational expectations equilibrium
of inflation, zero.
Let us summarize our first result for later reference:

Result 1. Learning introduces an intertemporal trade-off not present under
rational expectations.

As a result of the intertemporal trade-off, when the CB can manipulate
expectations, it renounces to optimally stabilize the economy in period ¢, in
exchange for a reduction in future inflation expectations that allows an ease in
the future inflation output gap trade-off embedded in the Phillips Curve.



Optimal allocations

To derive the optimal allocations, we can use to substitute out z; in (|17)),
then using the evolution of inflationary expectations We get:

T+ %[T"t — Bas] — BE; [% (1=~ —=0)) 711 — Bazpa] + (1 =) 7Tt+1:| =0
(18)

Hence, at an optimum, the dynamics of the economy can be summarized by

stacking equations , @ and (18], obtaining the trivariate systerrﬁ

Eiyi1 = Ay (19)

where y; = [my, at, by)’, and:

w2 tatafiy(1—(1-F) _ aB(1-B(1-y)(1-v(1-H))) 0
aB(1—y(1-8))+x*B(1—7) aﬁ(lf'v(ll*ﬁ))ﬁizﬁ(l*v)
-

B
el 1—~

A

1l
xR 2

The three boundary conditions of the above system are:

aop, bo given
lim |Eymyq| < o0
t—o0

(20)

The last one is due to the fact that, if there exists a solution to the problem
when the possible sequences {m, z¢, 7} are restricted being bounded, then
this would also be the minimizer in the unrestricted casd™]

Since A is block triangular, its eigenvalues are given by 1 — + and by the
eigenvalues of:

aB(1-y(1-3))+r*B(1—7) aB(1—y(1-3))+x>B(1—7)

& tatafiy(1-—(1-F)) _ aB(1=F(1=7)(1=y(1=F)))
v L=n

In the Appendix we show that A; has one eigenvalue inside and one outside the
unit circle, which implies (together with (1 —+) € (0,1)) that we can invoke
Proposition 1 of Blanchard and Kahn (1980) to conclude that the system (19)-
has one and only one solution. In other words, there exists one and only
one stochastic procesﬂ for each of the three variables of y such that is
satisfied. Moreover, note that y1; = [m, a¢)’ does not depend on by; therefore,
the processes for inflation and a that solve (together with the process for b) the
system — are also a solution of the subsystem:

Ewyie41 = A1y

150Once we have the equilibrium laws of motion for [mt, at,bt], we can use and to
derive the equilibrium r¢ and x¢.

16For a proof, see the Appendix.

17Since the system does not depend on the only source of randomness in this economy
(i-e., g), in equilibrium the process followed by the endogenous variables turns out to be
deterministic, see below.

10



together with the boundary conditions:

ap given, lim |Fymiq| < oo
t—o0

Since A; has the saddle path property, we can express the equilibrium law
of motion for inflation as:

T = Cigat (22)

Following the adaptive learning terminology, we call the Actual Law of
Motion (ALM) of inflation.
We provide a characterization of ¢29 in the following Proposition:

Proposition 1. Let c9 be the feedback coefficient defined in (@; then, the
following holds:
-if v € (0,1), we have that 0 < ¢29 < a‘jﬁz ;

-if v =0, i.e. if expectations are constant, we have that c¢9 =

ap

a+k2

Proof. See the Appendix. O

Under the optimal policy (OP) a positive a; increases current inflation, but less
than proportionally, since ;55 < 1.

As is shown in the Appendix, ¢$9 depends on all the structural parameters; in
particular, its dependence on the constant gain v is not necessarily monotonic.
In fact, a higher value of v has two effects on ¢{9: on one hand, it increases
the effect of current inflation on future expectations, increasing the incentive
for the CB to use this influence (i.e., it would determine a lower ¢29); on the
other hand, it reduces the impact of current expectations on future expectations,
thus reducing the benefits from a reduction of the expectations, so that there
is an incentive to set a higher c¢?. In Figure |§| we show a numerical example
with the calibration found in Woodford (1996), i.e. with 8 = 0.99, o = 0.157,
k = 0.024 and o = 0.04; in this case, the first effect dominates, so that ¢ is a
monotonically decreasing function of ~.

Using the structural equation we can derive the optimal allocation of the
output gap:

= cfay (23)

where:

cd < aii > (see Proposition implies ¢9 < — aii > if the private sector expects
inflation to be positive, the optimal CB response will imply a negative output
gap, i.e. the policymaker will contract economic activity (using the interest rate

instrument) in order to attain an actual inflation sufficiently smaller than the

11



expected one. Using and in we can derive the nominal interest
rate:

T =TTt + 050y + 0590 + 057 g (24)

where:

cg
89 =1—0=F
09 =0
09 =0

The interest rate rule is an expectations-based reaction function, which
is characterized by a coefficient on inflation expectations that is decreasing in
c%9: an optimal ALM for inflation that requires a more aggressive undercutting
of inflation expectations (a lower ¢¢9) calls for a more aggressive behavior of the
CB when it sets the interest rate (a higher coefficient on inflation expectations
in the rule (24)). Moreover, the coefficients on b; and g¢; are such that their
effects on the output gap in the IS curve are fully neutralized.

Since ¢;?; < [ (see Proposition [1) 879, is always bigger than 1. In response
to a rise in expected inflation optimal policy should raise the nominal inter-
est rate sufficiently to increase the real interest rate. An increase in the real
rate has a negative effect on current output; this reflects the intertemporal sub-
stitution of consumption. Then a contraction in output will decrease current
inflation through the Phillips Curve , and consequently through Equation
inflationary expectations in the next period will decrease. This criteria is
also emphasized in Clarida, Gali, and Gertler (1999) under the discretionary
rational expectations solution; since this holds both under RE and learning it
provides a very simple criteria for evaluating monetary policy@

Asymptotically, the system will converge to the RE equilibrium, with infla-
tion and output gap equal to zero, and so do the corresponding expectations;
this can be seen from the autonomous, linear, homogeneous system of first-order
difference equations . The asymptotic properties of this kind of systems are
Well—knownﬂ and with two eigenvalues inside and one outside the unit circle,
and the set of boundary conditions ([20]), we have only one non-explosive so-
lution, which is such that in the long run the system converges to the trivial
solution y, = 0.

3 Introduction of a cost-push shock

In this section we will change the model, introducing an additional term in the
Phillips Curve, called a cost-push shocldﬂ7 so that equation becomes:

T = BETi11 + KXy + Uy (25)

18Clarida, Gali, and Gertler (2000) estimate that the pre-Volcker area violated this simple
criteria.

19Gee for example Agarwal (2002).

20For interpretations of this shock, see among others Clarida, Gali, and Gertler (1999),
Erceg, Levin, and Henderson (2000), Woodford (2003).

12



where u; ~ N(0,02) is a white noiselﬂ In the New Keynesian literature, this
shock is introduced to generate a trade-off between inflation and output gap
stabilization; because of this, m; and x; cannot be set contemporaneously equal
to zero in every period. Moreover, the full commitment solution of the optimal
monetary policy under RE turns out to be time inconsistent, even if the CB does
not have a target for output gap larger than zero. Hence, the time-consistent
discretionary solution will be suboptimal, giving rise to what is sometimes called
as stabilization bias. There is, however, a crucial difference with the traditional
inflation bias problem: the discretion and the commitment solution are not only
different in the coefficients of the equilibrium laws of motion of aggregate vari-
ables, but even the functional form of these laws of motion differs between the
two cases; in particular, under discretion inflation and output gap are linear
functions of the cost-push shock only, under commitment an additional depen-
dence on lagged values of output gap is introducedEl

3.1 Benchmark: discretionary solution under rational ex-
pectations and under learning

As shown in Clarida, Gali, and Gertler (1999), when the cost-push shock is iid
the discretionary optimal policy implies that the RE solutions for m; and x; are:

«
TI'fRE — K;Q T aut (26&)
R

Using optimality conditions of the discretionary rational expectations prob-
lem with non-rational expectations (E}) one can derive the following ALM for
inflation and output gap:

af «
= 2
m a+52at+a+n2ut (272)
x = - ~p ar — — Uy . (27b)

t
o+ K2 a + K2

Evans and Honkapohja (2003b) derives the expectations based interest rate rule
that implements this allocation:

re =TT + 0 B ey + 07T Efwpn + 677 g0+ 65wy (28)
where:
67§H =1+ UaiiQ
5fH =0
OEH — o

21Note that the cost-push shock is usually assumed to be an AR(1); we instead assume it
to be iid to make the problem more easily tractable, see below.
228ee Woodford (2003), Clarida, Gali, and Gertler (1999) and McCallum and Nelson (1999).
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This rule guarantees determinacy under RE, and also convergence to the discre-
tionary RE equilibrium when expectations E} evolve according to least squares
learnin,

3.2 Constant Gain Learning

At the presence of cost push shocks an additional problem arises in designing
the optimal monetary policy when agents are learning: namely which PLM
the agents are learning. As we explained above the actual law of motion of
the discretion and the commitment solution have different functional forms.
For analytical simplicity, in this paper we will restrict our attention to the
discretionary case. In particular, we assume that agents believe that inflation
and output gap are continuous invariant functions of the cost-push shock only,
7 = w(ug) and 2y = x(utﬁ this hypothesis, together with the iid nature of the
shock, implies that the conditional and unconditional expectations of inflation
and output gap coincide, and are perceived by the agents as constants. Hence,
it is natural to assume that agents will estimate them using their sample means:
the stochastic recursive algorithms , @lﬂ

We can now follow a procedure analogous to the one used in the model
without cost-push shock. The optimality condition we get is the same as before,
Equation .

With cost push shocks, there is a well known intratemporal tradeoff between
inflation and the output gap present under RE; the presence of learning intro-
duces an additional intertemporal tradeoff (Result |1 holds). We can isolate
the two tradeoffs from the optimality condition. When v = 0 (which implies
constant expectations) ([17)) implies:

K K
—m + 2 = BE [— + ] :
L BE o T T T
This can be solved forward, yielding the unique bounded solution:

Eﬂ-t_’_xt =0 s (29)
«

which is identical to the optimality condition derived in the RE optimal mone-
tary policy literature when the CB sets the optimal plan taking private sector’s
expectations as given (i.e., in the discretionary case). Clarida, Gali, and Gertler
(1999) describe this relation as implying a ‘lean against the wind’ policy: in
other words, if output gap (inflation) is above target, it is optimal to deflate the
economy (contract demand below capacity). Because of the presence of the cost
push shock in the Phillips Curve, the Central Bank cannot set m; and x; equal
to zero every period; so an intratemporal tradeoff between inflation and output
gap is present (even in the limit). When v > 0 iterating forward show

23See Evans and Honkapohja (2003b).

24Tn the terminology of Evans and Honkapohja (2001) Chapter 11, the PLM is a noisy
steady state.

25To be precise, in the algorithms , @ the observations are weighted geometrically, while
in the normal sample average they all receive equal weight.
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the presence of an intertemporal tradeoff, just like in Section [2.2] When the
current output gap is positive, the Central Bank will decrease inflation less then
under RE; the Central Bank renounces to fully stabilize the current economy,
in exchange of easing future inflation-output gap tradeoffs.

Stacking with the Phillips Curve and the algorithms —@[), we
can show that at the optimum the economy evolves according to:

Ermia i ~ A=A TR BT)
A¢41 =A Qg + 0 Ut (30)
beir by _1

K

(where A is defined as in the previous section), plus the boundary conditions
(20). The system (30)-(20) is in the form studied in Blanchard and Kahn (1980),
so that we can use their results. In particular, since there are two predetermined
variables and one non-predetermined, and A has one eigenvalue outside the unit
circle and two inside, there exists one and only one solution. Moreover, also the

system:
Bemer ) _ A ™)+ ~ A=) A=) Uy (31)
Q41 ag 0

(where A; is defined as in the previous section) respects the Blanchard-Kahn
conditions for existence and uniqueness of a (bounded) solution, and this unique
solution can be written adZ}

Ty = cfrgat + dfrgut (32)

Combining Eymi41 = c9a+1 with the optimality condition and the Phillips
Curve , and making use of the law of motion of inflation expectations ,
we derive the values of the coefficients ¢29 and d$9, which are summarized in the
next Proposition.

Proposition 2. Let the economy evolve according to the system @, @;
then the ALM for inflation is:

T = cAay + dFuy

where ¢59 is the same given in Proposition[1], and:

«

o = et BB — @) 4 By (L= ) (aB — (2 + ) &)

The ALM for output gap and the interest rate rule are given by:

xy = cFAay + dFPuy (33)

re =TT + 090y + 650b; + 0599, + 60w, (34)

26See Blanchard and Kahn (1980), Proposition 1.
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where cgf, 6,659,659 are the same as in (24), and:

des—1
cg
dy = = -
59 — _ g1
u K

Plugging into (§), we get:

atr1 = ap+y(cd — Day + ydFuy
= (=71 =cf))a+ydfu

which is a stationarym AR(1); thus, as is well-known in the literature on adap-
tive learning, the contemporaneous presence of random shocks in the ALM and
of constant gain specification of the updating algorithm, prevents the expecta-
tions from converging asymptotically to a precise value: instead, we have that

Y2 (ds9)? 2
a~ N (O’ 1—(177(1—#‘))2%)'

3.3 Comparison with the myopic rule

In this section we state results regarding how optimal monetary policy under
constant gain learning differs from myopic rules used earlier in the literature,
where myopic means a rule that considers expectations as given in the opti-
mization problem: in particular we refer to rule , derived in Evans and
Honkapohja (2003b) (henceforth EH).

It is clear that the coefficients on the output gap expectations and on the
demand shock are the same in rule as in rule , while the other two co-
efficients are typically different. Proposition |1| implies 6;?,5 > §EH: the interest
rate response of OP to out-of-equilibrium inflation expectations is more aggres-
sive than the interest rate response of EH. This is due to the fact that when
the CB takes into account its ability to influence agents’ beliefs, it optimally
chooses to undercut future inflation expectations more than what a myopic CB
would do.

From Proposition [1| and [2[it also follows that 0y > 0Z#: optimal policy re-
acts more aggressively also to cost push shocks. After a positive cost push shock
the optimally behaving Central Bank raises the interest rate more aggressively
than the myopic one, this in turn decreases output, which has a negative effect
on inflation. Thus conducting an aggressive interest rate rule in response to
the cost push shock, decreases the influence of the cost push shock on inflation,
and this in turn will ease agents learning about the true equilibrium level of
inflation.

The inflation and output gap allocations implemented by the two different
interest rate rules are also different. Under constant gain learning optimal allo-
cations are characterized by and . Under EH allocations are given by

with E;/kﬂ'H_1 = Q¢.

27In fact, since 0 < ¢77 < 1, it immediately follows that 0 < (1 —v(1 —¢37)) < 1.
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From Proposition [I| we know that the feedback coefficient under optimal
policy ¢ is smaller than under the EH rule, in order to undercut inflation ex-
pectations more. Also the response to the cost push shock is of lesser magnitude
when is used instead of (in fact, &9 < Kg‘fa implies that d%9 < ﬁ),
because the CB is less willing to accommodate noisy shocks, in order to make
easier for the private sector to learn what is the long-term value of the condi-
tional expectations of inflation.

Under OP both coefficients in the ALM of x; are higher in absolute value
than under EH. This implies that the CB allows a higher feedback from out of
equilibrium expectations and noisy cost push shocks to the output gap then a
myopic policymaker.

The difference between OP and the myopic policy can be summarized as
follows:

Result 2. When the CB takes into account its influence on private agents
learning it is optimal to decrease the effect of out of equilibrium expectations on
inflation (engineering an aggressive interest rate reaction to inflationary expec-
tations) and increase the effect of out of equilibrium expectations on the output
gap compared to the myopic policy.

This way optimal policy undercuts future private sector expectations more
aggressively than the myopic policy.

Result 3. When agents are learning an optimally behaving policymaker ac-
commodates less the effect of noisy shocks to inflation compared to a myopic
policymaker, even if it translates into a more volatile output gap.

This way optimal policy makes it easier for the private sector to learn what
is the “true” value of the conditional expectations of inflation.

Similarity to the commitment solution

From Result 2] and |3] it follows that the impact of a given nonzero cost push
shock drives inflation (output gap) closer to (further from) target when agents
are learning, relative to the discretionary RE case. Interestingly, this behavior
qualitatively resembles the optimal RE equilibrium under commitment within a
simple class of policy rules derived in Clarida, Gali, and Gertler (1999): if the
CB can commit to a policy rule that is a linear function of u;, the solution can
be characterized, when compared to the discretionary equilibrium, by inequal-
ities analogous to the ones summarized in the results stated above. However,
the (constrained) commitment solution differs from the discretionary one only
when the cost-push shock is an AR(1); if u -and consequently, the equilibrium
processes for inflation and output gap- is iid, the two solutions coincide, since
future (rational) expectations of the agents cannot be manipulated by the CB.
Instead, if expectations are backward-looking, the future beliefs can be manip-
ulated also when the shock is iid: the current actions of the CB influence future
beliefs through and @D even if the shock is iid.
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In both instances this behavior results from the CB’s ability to directly
manipulate private expectations, even if the channels used are quite different.
In fact, under commitment the policy maker uses a credible promise on the future
to obtain an immediate decline in inflation expectations and thus in inflation.
Under learning we observe a smaller initial response of inflation relative to the
RE discretionary case because optimal policy reacts less to the cost push-shock
to ease private agents learning. In this sense, we can say that the ability to
manipulate future private sector expectations through the learning algorithm
plays a role similar to a commitment device under RE, hence easing the short-
run trade-off between inflation and output gap.

Another similarity to the commitment solution is the sluggish behavior of
inflation after an initial cost push shock. The source of inertia under RE com-
mitment and learning is quite different. Under commitment the policy maker
carries commitments made in the past (in other words commits to behave in a
past dependent way). Under learning the pattern results from the sluggishness
of expectations.

As aresult of these two similarities, the impulse response function of inflation
to a cost push shock will be also similar under OP and RE commitment. Figure[]
displays the impulse response function of inflation to a unit shock under OP and
discretionary RE policy. In the optimal RE discretionary policy, inflation rises
on impact and immediately reverts to the steady state once the shock dies out.
Instead, under learning the policy maker engineers a smaller initial response of
inflation; in subsequent periods inflation gradually converges back to the steady
state value. Clarida, Gali, and Gertler (1999) and Gali (2003) show a similar
disinflation path for the Ramsey policy: a smaller initial inflation compared to
the discretionary case, in exchange for a more persistent deviation from the
steady state late@ This behavior of Ramsey policy leads to welfare gains over
discretion due to the convexity of the loss function; this preference for slower
but milder adjustment to shocks is at the heart of the stabilization bias.

The similarity to the RE commitment solution resembles the analysis carried
out in Sargent (1999), Chapter 5, which shows that in the Phelps problem
under adaptive expectationﬂ, the optimal monetary policy drives the economy
close to the Ramsey optimum. Moreover, when the discount factor g equals 1,
optimal policy under learning replicates the Ramsey equilibrium. In our case,
optimal policy under learning cannot replicate the commitment solution even
for B going to 1. This result follows from the particular nature of the gains
from commitment; commitment calls for an ALM with a different functional
form to the discretionary Casﬂ In the Phelps problem, on the other hand, the
Phillips Curve is such that the discretion and commitment outcome of inflation
has the same functional form, but different coefficients. However, also in our

28 A difference is that commitment policy under RE engineers a sequence of negative inflation
after the first period, while a positive sequence under learning.

29Phelps (1967) formulated a control problem for a natural rate model with rational Central
Bank and private agents endowed with a mechanical forecasting rule, known to the Central
Bank.

308ee Clarida, Gali, and Gertler (1999).
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case an increase in the discount factor makes the optimal disinflationary path
under learning getting closer to the commitment solution. This can be seen in
Table |1} where we summarize the behavior of inflation in response to a unit cost
push shock when the model’s parameters are calibrated as in Woodford (1996),
apart from ( which takes several values. As 3 goes to 1 the initial response of
inflation is milder and the path back to the steady state longer.

Table 1: Paths of inflation for different (s after an initial cost push shock
beta || 0.5 0.6 0.7 08 0.9 1.0
11099 099 098 098 096 0.91
21 044 0.52 0.61 0.69 0.75 0.73
31 024 033 044 055 0.66 0.66
10 || 0.00 0.01 0.04 0.12 0.27 0.33
50 || 0.00 0.00 0.00 0.00 0.00 0.01
Woodford (1996) calibration. Cost push shock up = 1 in the first period,
starting from ap =0, mo = 0, zo = 0, with v = 0.2

Welfare Loss Analysis

To have a quantitative feeling of the welfare gains that the use of the optimal
rule instead of the EH rule implies, we present a numerical welfare
loss analysis.

Let us define the cumulative ext-post losses up to time T under the two
interest rate rules as:

OP_Zﬁt( op +a(xtop))

and:

LEH = Zﬁt( ( fH)Q)

where the superscripts OP and F H indicates whether the variables are calcu-

lated using rule or , respectively; then, for a cross sectional sample
N 1000
size of 1000 we compute numerically the value of Ly = E LgF/ Z LEH for

T=10000. We use the calibrations of McCallum and Nelbon (1999) (McCN),
Woodford (1996) (W) and Clarida, Gali, and Gertler (2000) (CCG). The cali-
brated coefficients are as follows: in McCN k = 0.3, o = 1.83, in the Woodford
calibration k = 0.024, o = 0.048 and in the CCG calibration x = 0.075, a = 0.3
EE The initial values for expectations are ag = 0, and the shocks are drawn

31'We adjust the CCG calibration for quarterly data, i.e. both the o and & values reported by
Clarida, Gali, and Gertler (2000) are divided by 4. We would like to thank Seppo Honkapohja
for drawing our attention on this difference in calibrations.

32The risk aversion parameter o does not appear in the reduced form for inflation and
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from a standardized normal. In all three calibrations 8 = 0.99.

Results in Table [2[ show that the gain in welfare losses is especially high for
constant gain learning with high tracking parameters: for v = 0.9 the welfare
loss of not using the optimal rule is twice as large as under OP. The intuition
behind follows from the fact that, in the presence of a cost push shock, constant
gain learning does not settle down to RE, but converges to a limiting distribu-
tion. Optimal policy should takes this into account and aims to decrease the
limiting variance, while a myopic policy does noﬂ

Table 2: Ratio of welfare losses using OP and EH under constant gain
I = LOP /[ EH

Tracking parameter || McCN W CCG
0.1 || 0.82 0.85 0.81
0.2 || 0.72 0.72 0.68
0.3 || 0.64 0.62 0.58
0.4 || 0.61 0.58 0.54
0.5 || 0.57 0.53 0.50
0.6 || 0.54 0.50 0.47
0.7 || 0.52 0.48 0.45
0.8 || 0.50 0.46 0.43
0.9 || 0.49 0.45 0.42

McCN: McCallum and Nelson (1999), W: Woodford (1996)
CCG:Clarida et al. (2000)

An increase in the tracking parameter (keeping everything else constant)
results in a larger variance of inflation expectations and, consequently, in a
larger opportunity cost of adopting a suboptimal rule of the form . This
is illustrated in Figure [7] which shows that the higher is ~, the higher is the
decrease in variance of a under OP compared to EH.

Optimal policy engineers a decrease in the limiting variance of inflationary
expectations (Figure [7)) at the cost of allowing higher variance in output gap
expectations (Figure [8)). This result is parallel to results [2| and [3] which both
state that optimal policy should focus on decreasing inflation variation even at
the cost of higher output gap variation. Table [3]shows that under constant gain
learning this incentive to focus on inflation is even more pronounced then under
decreasing gain learning. The higher is the tracking parameter, the higher is
the limiting variance of expectations and the more incentive the Central Bank
has to focus on low variance in inflation allowing for an increase in output gap
deviation from the flexible price equilibrium. For v = 0.9 the Central Bank

output gap, hence it is not calibrated whatsoever. o used for the plots of interest rate rule
coefficients are: CCG o =1/4, W o = 0.157, McCN o = 1/0.164 .

331t is worth noting that the EH rule is designed to ensure learnability of the optimal RE in
a decreasing gain environment, and its performance under constant gain is never considered
in the EH paper; however, it can be useful to employ a constant gain version of their rule to
illustrate potential advantages of fully optimal monetary policy over a myopic rule.
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engineers a 75 percent lower welfare loss in inflation when it properly conditions
on expectation formation, permitting at the same time 5-10 times more variation
in output gap.

Table 3: Ratio of welfare losses using OP and EH under constant gain learning
due to inflation and output gap variations
I — [,OP / LEH

Inflation Output gap

Tracking parameter || McCN W CCG | McCN W cCcG

0.1 || 0.67 0.72 0.67 | 3.76 8.37  8.22

0.2 || 0.54 0.54 0.51 | 4.34 10.79  9.89

0.3 || 0.44 0.43 040 | 4.68 11.48 10.36
0.4 ] 0.39 0.38 035 | 5.02 12.08 10.88
0.5 | 0.34 0.33 0.30 | 5.09 11.98 10.77
0.6 || 0.31 0.30 0.28 | 5.17 12.00 10.77
0.7 1| 0.29 0.28 0.25 | 5.21 11.94 10.72
0.8 || 0.27 026 024 | 521 11.77  10.57
0.9 || 0.25 0.25 0.23 | 5.28 11.98 10.75

McCN: McCallum and Nelson (1999), W: Woodford (1996), CCG: Clarida et al. (2000)

Moreover, it is worth noting that the use of a myopic rule under constant
gain learning allows for the autocorrelation of inflation to rise, thus increasing
the persistence of a shock’s effect on inflation expectations. This problem arises
from the relatively weak response to inflation expectations which feeds back to
current inflation and, in turn, into subsequent expectations and inflations. The
optimal rule’s strong feedback to inflation expectations dampens this interaction
between inflation and expectations{ﬂ

This section has shown that optimal policy under learning is characterized by
a more aggressive interest rate reaction to out-of-equilibrium expectations and
to the cost push shock than would be optimal when the Central Bank does not
make active use of its influence on expectations. This aggressive behavior guar-
antees that inflation will deviate less from its equilibrium value, thus private
agents can learn the true equilibrium level of inflation faster than under my-
opic policy. Helping inflationary expectations is beneficial, even at the cost of
allowing higher deviations in output gap expectations and a higher output gap
volatility. Our welfare loss analysis has shown that properly conditioning on
private agents expectation formation is especially important in a nonconvergent
environment, i.e. when agents follow constant gain learning. Welfare gains from

34Tt can be easily derived that the autocorrelation of inflation under constant gain with
af3 2 af3 2 .
EH is EnFPHrPH = (aJrnZ) (1 -y 4= )JgEH Ralor-2 (ﬁ) ~v02 while under the

optimal rule EWOPW?PI (e ) (1=~ + e ) aaop +c39 (dcg) ~vo2. We have already seen

< ai’iz and d¥¥ < thus EWOPWtOPI' < ETI'EHﬂ'tEI—{

a+n2

that O’aop < o2

apH’ a+n2’
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using the optimal policy are particularly pronounced when private agents use a
high tracking parameter (i.e. discount more past data) for forecasting.

4 Decreasing Gain Learning

In this section we relax the assumption of constant gain learning and show that
our main results remain valid also with decreasing gain learning (henceforth
DG@G) and show that the time varying nature of expectations imply that during
the transition the optimal policy should be time varying even in a stationary
environment.

Using a constant gain parameter v is appropriate when agents believe struc-
tural changes to occur. If instead the private sector confidently believes that the
environment is stationary it is more reasonable to model their learning behavior
with a decreasing gain rule, namely an algorithm of the form:

Efmpi =a; = a1 +t Hm—1 —a;—1) (35)

E:l‘t_,_l =b; =bi_1 + t_l(l‘t_l — bt—l) (36)

where the only difference with —@ is the substitution of v with ¢,
An updating scheme of this form is equivalen@ to estimating inflation and
output gap every period with OL@

4.1 Without cost push shock

Let us first consider the economy without cost push shock. Then the problem
of the CB becomes:

min Ey Z Bt + ax?) (37)

{me,ze,me,a041,0041 152 =

st (@, @, B3,

agp, by given

The optimization can be solved in a way analogous to the constant gain
case; hence, the dynamics of the system can be summarized by the optimality

condition:

1
gﬂt +x, = BE; ﬂmxwl + gﬁwl + Tt (38)

Iterating it forward we get:

35Under certain conditions on the values used to initialize the algorithm, see Evans and
Honkapohja (2001).

36Note that, since inflation and output gap are assumed by the learners to be constant, the
OLS is just the sample averages of the two.
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—m +xy = L}y
«@

= 1
s+1
; ﬁ t ¥ s-rt+s‘|
Similarly to Section [2] our result is that learning introduces an an intratemporal
tradeoff between inflation and output that is not present under RE in an econ-
omy without a cost push shock and an additional intertemporal tradeoff that is
not present in general under rational expectations (Result . From the latter
it follows that during the transition for a given positive value of x;, the opti-
mal disinflation is less harsh with respect to the one implied by (optimizing
taking expectations as given) provided that the series on the right hand side is
expected to be positive. The intuition behind is that when the CB makes active
use of the expectation formation, it renounces its ability to optimally stabilize
the economy in period ¢, in exchange for a reduction in future inflation expec-
tations (in absolute value) and this allows an ease in the future inflation-output
gap trade-off embedded in the Phillips Curve.

To derive the optimal allocations, we can use to substitute out x; in ,
then using the evolution of inflationary expectations We get:

E;[mp41]) = A1 m + Ao ay, (39)

where:

B /@2+a+aﬂ2t+%<l+ﬂt+%>

T aB(l+ BrL) + w28

o2 [1-2(- ) (1 2k
T a1+ Bely) + #28 '

Hence, at an optimum, the dynamics of the economy can be summarized by
stacking equations , and , and obtaining the trivariate system:

By = Avye (40)
where y; = [m, at, by]’, and:
Alll,t A12,§ 0
A= 8] 1- i+ 0
(=83 B 1
K K t+1

The three boundary conditions of the above system are , the same as in
section
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We can find the solution with the method of undetermined coefficients, with

the gues{®'}

T = cfftat. (41)

dg
Tt

The sequence {c } must satisfy the non-linear, non-autonomous first order

difference equation:

dg 1
dg Crt+1 (1 - 7t+1) —Aiay

™t dg 1
All,t T Cr 1741

(42)

Of course, there exist infinite sequences that satisfy equation (42)), one for each
initial value cif’o. However, since the boundary conditions require 7; to stay

bounded, we will concentrate on the solutions that do not explode.

Proposition 3. Let {ci?t} be defined by , and assume it is bounded; then,

tlim ¢, exists, and is given by:
— 00 ’
) @
lim ¢%, = _ab_
t—oo o+ K2
Moreover, for any t < oo, we have:
dg Oéﬁ
™ o K2
Proof. See the Appendix. O

Thus Result 2] holds during the transition: when the CB takes into ac-
count its influence on expectations it is optimal to decrease the effect of out-of-
equilibrium expectations on inflation compared to the myopic policy (see @),
in order to undercut future inflation expectations by a larger amount. This re-
laxes the future inflation-output gap trade-off embedded in the Phillips Curve.
The ALM for output gap is:

dg

_ dg dg _ Cmt — B
Ty = cw7tat cw,t = "

(43)

If the private sector expects inflation to be positive, the optimal CB will contract
economic activity more than EHE (using the interest rate instrument); the CB
is ready to pay a short-term cost represented by a wider current output gap in
order to contain future inflationary expectations.

37This guess corresponds to the unique solution under constant gain learning. A proof of
uniqueness of a bounded solution for decreasing gain learning is not worked out completely
yet.

38 From cﬁlrf]t < aiiz it follows that CZ?t < - aiiz . Compare with the ALM under EH @
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The nominal interest rate rule is as follows:

e =TT¢ + 61‘?th + (Sggbt + 5;iggt (44)
where: )
9 _
518, = 1 — o Hf
04 = o

dg
09 =0

Since cfrf’t < 0 (see Proposition 655‘?,5 is always bigger than 1. In response to
a rise in expected inflation optimal policy should raise the nominal interest rate
sufficiently to increase the real interest rate. The following proposition pertains
to the characteristics of the optimal rule compared to the myopic EH rule @:

Proposition 4. Assume that t < oo; then, (ﬁ,gt > 0EH | Moreover, we have:
; dg _ sEH
—tgrgo Opp =077

Result |4l under CG is parallelled by our results under DG: the optimal inter-
est rate rule should react more aggressively to out of equilibrium expectations
than the EH rule. A CB that knows how its behavior affects private sector ex-
pectations should contain more inflationary expectations than a CB that takes
expectations as given.

An interesting result is that the coefficient on inflation expectations in the
interest rate rule is time-varying, reflecting the fact that the Central Bank’s
incentives to manipulate agents’ beliefs evolve over time. This implies that
during the transition optimal policy should be time varying even in a stationary
environment.

In Figure[l] we show how this coefficient depends on time when the param-
eters are calibrated according to Clarida, Gali, and Gertler (2000): £ = 0.075,
a=0.3,0=1/4. 6;1& is always above its limiting level (see analytical proof in
Proposition, moreover, it decreases over time. Numerical analysis on the grid
8 =0.99 and « € [0.01,2], k € [0.01,0.5] shows that this decreasing behavior
of 57‘1% is a robust feature of the model We find that after the 4th period
(from the 4th to the 5th period and so on) 5#@ is always decreasing, while in
the first 4 periods 5% might be increasing (hump-shaped) for a combination of

low values of o and high values of k (see Figure|3|) m We summarize our new
results as:

Result 4. Optimal policy is time varying even in a stationary environment. It
18 more aggressive initially, and as time evolves reacts less and less aggressively
to out of equilibrium expectations.

39We have chosen the grid to include typical calibrated values for the US and the EURO
area.

40Tn fact, 5?975 is always decreasing also for other calibrations widely adopted in the New

Keynesian Literature, like those taken from Clarida, Gali, and Gertler (2000) and McCallum
and Nelson (1999).

25



To get an intuition, suppose that a structural break occurs. For example
there is a policy change because a new central bank governor is appointed,
agents know that monetary policy has changed and try to learn how this affects
the equilibrium. In this situation is convenient for the CB to react more ag-
gressively to out-of-equilibrium inflation beliefs in the first periods, when agents
pay more attention to new information and the CB’s possibilities of influencing
private expectations are greater. This behavior is beneficial even at the cost
of larger short-term losses in terms of output gap variability. As time passes,
the expectations will be influenced to a lesser extent by the last realization of
inflation, hence determining a CB reaction that closely resembles the optimizing
behavior when policymakers cannot manipulate expectations.

The asymptotic behavior of inflation beliefs is given by the following Propo-
sition:

Proposition 5. Let m = ci?tat, where ¢% is given by ; then, ay — 0.

Proof. See the Appendix. O

Combining this result with the boundedness of ci?t, the ALM for inflation
and output gap tell us that both these variables go to zero asymp-
totically, restoring the RE allocations. Optimal policy naturally chooses a non-
explosive solution (it is E-stable), and drives expectations to the rational expec-
tations equilibrium.

Note that the policy function does not depend on the period when the cb
optimizes, even if it is not time invariant. Thus, the optimal policy characterized
above is time consistent, in the sense of Lucas and Stokey (1983) and Alvarez,
Kehoe, and Neumeyer (2004).

4.2 With Cost Push Shock

In this section we introduce a cost push shock in the New Keynesian Philips
Curve.

Proceeding with the same analysis as before, we get the same optimality
condition . Substituting out z; using the Phillips Curve , and using the
evolution of inflation expectations we can show that at the optimum the
economy evolves according to:

Ey[mi1] = Avgme + Avgpar + Pr gy (45)
where A;; and Ao are the same as in , and

P _ @
1,t = —_ .

af(1+ Be7) + K26
Stacking together this condition, and the two learning algorithms and ,
we again have a trivariate system. We can guess and verify that the ALM for
inflation is of the form:

T = cfr?tat + dfr?tut (46)
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which implies that Eym4; = cif’t 1 10¢+1; substituting this expression in ,
and making use of the law of motion of inflation expectations , we obtain

that the sequence {cdg } is identical to and {dfft} must satisfy:

,t

Py
dm = ’ . (47)
ot dg 1 4
Crat+1iq1 — ALt

,t
sition (3 and it follows that 0 < dif’t < 44z a positive cost push shock
increases inflation, but less than under myopic policy (compare with ) The
ALM for output gap and the nominal interest rate rule are given by:

The solution of {cdg } is again characterized by Proposition From Propo-

d d
xy = char + dyduy (48)
. d d d d
Tt =TTt + 0 ar 4+ 0390 + 6g7g: + O, us (49)
where cg?t, (Si?t, 549, 6ggare the same as in (44)), and
dg
dg dﬂ’t—l
dm,t - K B
dg dy9—1
0y = —0—

Since the cost push shock is a new state variable, it enters the interest rate rule.
5;{? is characterized by the following proposition:

Proposition 6. Assume that t < co; then, 53? > 0EH | Moreover, we have:

_tlirgo 63? ="

The inequality 6% > §EH is parallel to Result |5 during the transition the
optimal policy engineers more aggressive interest rate movements in response
to cost push shock variations than EH, and this way it accommodates less the
effect of noisy shocks on inflation compared to EH.

53? is positive and decreasing over time (see Figure ) Thus monetary
policy should react to the cost push shock in a similar fashion as to out of
equilibrium expectations (see Result :

Result 5. Optimal policy reacts aggressively to cost push shocks initially, and
dampens its aggressiveness later.

In response to a positive cost push shock, the Central Bank raises interest
rate to contract the output and thus reduce inflation, and future inflationary
expectations.

41Since 5th < 1 from (49) it follows that the change of Jigt through time is identical to that
of 6;‘5% and the numerical analysis of Section also applies here.
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Table 4: Path of cumulative welfare loss ratios under decreasing gain, using OP
and EH

I = LOP/LEH

T || CCG W Mc
1 1.62 | 1.59 1.67
5 1.11 | 1.12 1.13
10 || 1.04 | 1.06 1.06
15| 0.99 | 1.02 1.02
20 || 0.97 | 1.00 0.99
30 || 0.93 | 0.97 0.96
40 | 0.91 | 0.95 0.94
50 || 0.89 | 0.94 0.91

McCN: McCallum and Nelson (1999), W: Woodford (1996)
CCG: Clarida et al. (2000), ap =0

The asymptotic properties of the ALM , depend on the limiting
behavior of a;, which is given by the stochastic recursive algorithm:

aer = o+ (1) (e = Dag + du) (50)

We study its properties in the Appendix, where we use the stochastic ap-
proximation technique@ to prove the following Proposition:

Proposition 7. Let a; evolve according to @; then, a; — 0 a.s.

dg

This result, together with the boundedness of ¢7”;, implies that cfrf’tat goes

to zero almost surely; moreover, it is easy to see that di?t — ﬁ, so that we
can conclude that 7 — Kﬁav almost surely, where v is a random variable with
the same probability distribution as u;. The equilibrium corresponds to the
discretionary rational expectations equilibrium. Optimal policy ’helps’ private
agents to learn the rational discretionary RE

From Propositions [4] and [0] it follows that the optimal policy converges to
the myopic policy; since expectations converge to a constant it is intuitive that
in the limit OP behaves as if expectations were fixed.

The difference between OP and EH during the transition amounts to huge
welfare gains. To get a quantitative feeling of the welfare gains that the use of
rule instead of the EH rule implies along the transition to RE, we perform
Monte Carlo simulations up to time T under the two interest rules an calculate
the ratio of the cumulative welfare losses similarly to Section .Results are
reported in Table [4]

The Table shows that in the first periods rule yields ez-post cumulative
welfare losses higher than the EH rule; later, however, our rule starts generating

42For an extensive monograph on stochastic approximation, see Benveniste and P. (1990);
the first paper to apply these techniques to learning models is Marcet and Sargent (1989).

43Note that the PLM of private agents does not nest the commitment REE, only the dis-
cretionary REE, so agents have a ’chance’ to learn only the latter.
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smaller welfare 1osse@ These findings are consistent with our finding that
a CB that follows the optimal rule reacts to out-of-equilibrium inflation
expectations more aggressively than in the EH case, in order to undercut more
future expectations, even if this means allowing a wider output gap in the short
run. This implies that in the first periods, when this more aggressive behavior
has not yet generated a pay-off in terms of a smaller |a| sufficient to offset the
costly output gap variability, our rule performs worse than the EH one; as soon
as inflation expectations become small enough, this initial disadvantage is more
than compensated. This pattern is magnified by the time-varying behavior of
5;‘5% that we characterized above: the coefficient on inflation expectations in
is particularly large in the first periods, hence determining large output
gap variations and large welfare losses in the short run, and large gains from
the contraction of |a| in the medium and long run. Table [5| shows, that in the
long run using the optimal rule dramatically reduces welfare losses: between 29
and 34 percent, depending on the calibration we use.

Both OP and EH are E-stable under learning, so guarantee that the economy
converges to the discretionary REE; what changes is the speed of convergence
to RE. In particular, Figure shows a typical realization of the evolution
of expectations under OP and EH. We can observe that inflation expectations
converge faster with our rule than with the EH one. This is a consequence of the
result derived above: when the CB does take into account its influence on the
learning algorithm, it has an incentive to undercut future inflation beliefs more
than in the case when it does not. On the other hand, in the bottom panel of
Figure[6] we can see that output gap expectations converge more slowly with our
rule than with the EH one. It is due to the presence of the intertemporal tradeoff
described in Section [2 that the CB is ready to pay a short-term cost in order to
undercut future inflation expectations. This short term cost is represented by a
wider current output gap and, consequently, by a slower convergence of b to its
RE value.

Table 5: Ratio of welfare losses using OP and EH discretion under decreasing
gain learning
I = [OoP / LEH
McCN W CCG
Decreasing gain || 0.660 0.766 0.719
McCN: McCallum and Nelson (1999), W: Woodford (1996)
CCG: Clarida et al. (2000)

Table [6] confirms that it is optimal to lower inflation’s deviation from the
target even at the cost of higher output gap variation. For decreasing gain
learning, when the Central Bank takes into account its influence on private
expectations it engineers an inflation variation 40-50 percent lower, even at the

44We report ET only until period 50; over a longer horizon, the ratio gets smaller.
45To obtain Figure 3, we adopted the Woodford (1996) calibration, with the same initial
beliefs and the same realization of the cost-push shock process used to produce Table 1.
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cost of of allowing a 3-9 times higher welfare loss due to output gap variations.
Notice, that the higher is «, the weight on output gap in the welfare loss function,
naturally the lower is the additional variation in output gap, compared to the
EH rule.

Table 6: Ratio of welfare losses using OP and EH under decreasing gain learning
due to inflation and output gap variations
I — [OF JLEH
McCN W CCG
w || 0.55 0.67 0.61
x| 2.80 8.97 6.46
McCN: McCallum and Nelson (1999), W: Woodford (1996)
CCG: Clarida et al. (2000)

In this section we have proved that our main results do not depend on what
type of learning algorithm private agents follow. Our new results are that under
decreasing gain learning optimal policy should be time varying: more aggressive
on inflation initially and less in subsequent periods. In the limit, expectations
converge to the discretionary rational expectations equilibrium, and optimal
policy will be equivalent to the myopic policy. Numerical simulations confirmed
that optimal policy under learning engineers dramatically lower welfare losses
compared to myopic policy. In the next section we direct out attention to
differences between optimal policy under the two learning algorithms, and argue
why it is of interest to examine both learning algorithms.

5 Consistent Policy Advice

In the previous sections we have seen that departing from rational expectations
and using adaptive expectations instead, has important implications for optimal
monetary policy: in general optimal policy should try to contain inflation more
than under rational expectations. In this section we argue how expectation
formation and accordingly the optimal monetary policy should differ in different
environments. We also aim to define consistent policy advice on a relevant set
of private agents’ expectation formation. In concrete, we ask the question how
monetary policy in the US should behave when it is uncertain about expectation
formation, but it’s uncertainty is restricted to a set which would be reasonable
given the economic environment.

The main idea is, that in different different economic environments private
agents would be likely to use different forecasting algorithms, and the Central
Bank should take this into account in its policy formation E Using a decreas-
ing gain algorithm is appropriate if agents confidently believe that the variable,

46Tn a full-fledged analysis the CB would also understand how its policymaking would affect
the private sectors expectation formation. Here, we do not address this issue.
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they are trying to forecast has a constant mean over time. On the other hand,
the use of constant-gain estimators to deal with structural changes is well known
from the statistics and engineering literature@ and using a constant gain is also
optimal when the economy does not converge to REE@ In these environments
agents would be more likely to use a constant gain algorithm. Accordingly,
optimal monetary policy should be different when it operates in a stable envi-
ronment to when it operates in an environment prone to structural change@

Results in our paper suggest, that in economies with structural breaks opti-
mal monetary policy should try to contain inflationary expectations much more
compared to stable economies; in the sense that optimal policy should remain
aggressive towards inflation even in the steady state, while in stable economies
the Central Bank should be aggressive only during the transition.

During the transition relative aggressiveness of optimal policy under the two
learning algorithms changes through time. Under decreasing gain learning opti-
mal policy aims to drive inflationary expectations close to the equilibrium in the
first periods, because later its influence on expectations decreases; as a result
during the first periods optimal policy under decreasing gain learning is more
aggressive in breaking down inflationary expectations than under constant gain
learning lﬂ Figure |§| shows this difference: during the first periods optimal
policy under DG compared to CG has a smaller feedback coefficient of expecta-
tions in the actual law of motion of inflation (equations and ). As we
have seen in the paper this smaller feedback coefficient on inflation expectations
translates to a higher coefficient of expectations in the interest rate rule and
(B).

Intuitively, if a structural break occurs in a stable environment the Central
Bank should raise the interest rate aggressively in response to out of equilibrium
expectations to speed up convergence of inflation expectations, even at the cost
of slower convergence of output gap expectations (See Graph @

On the other hand, initially a less aggressive interest rate increase is needed
when the economy is inherently characterized by structural breaks. The reason
is that in the latter economy an aggressive interest rate policy has two effects:
it implies a smaller volatility of inflation but a higher volatility in output gap
(even in the limit). Since expectations remain volatile even in the limit, the
Central Bank has to balance between these two effects, and spread the effect of

47See for example Benveniste and P. (1990), Part I. Chapters 1. and 4.

48The optimal choice of the gain parameter is nonlinear, it depends on the relative impor-
tance of tracking versus filtering the observed data. A high value of v increases tracking, or in
other words the responsiveness of the forecasts to the structural change. On the other hand, a
high tracking parameter reduces filtering, i.e. the ability of the forecast rule to eliminate noise
in the data. Although the choice of the optimal gain parameter is subject to this trade-off,
the use of a constant gain is clearly indicated when the structure of the economy is subject to
changes.

49Recent research addressing the issue of choosing an optimal tracking parameter are Ben-
veniste and P. (1990), Evans and Ramey (2005) and Evans and Honkapohja (1993). Marcet
and Nicolini (2003) show that agents might also switch predictor use dynamically: use de-
creasing gain learning when forecast errors are low, and switch to constant gain learning when
forecast errors are high.

50This result holds true for all three calibrations used in our paper.
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its interest rate policy through time.

Now, the question arises, what is a relevant set of expectation formation?
Empirical evidence on this is relatively scarce, and mainly focuses on the US.
For the US the estimated = is typically small. With Bayesian estimation of the
New Keynesian model Milani (2005) finds 7 to be around 0.02, he also finds 7y to
be stable through time. Orphanides and Williams (2005b) calibrate 7y between
0.01 and 0.4 on the Survey of Professional Forecasters.

Let us conduct an experiment, and suppose that the FED is uncertain about
how private sector forms its expectations, but relying on the empirical literature
listed above it can define a relevant (but not exhaustive) set of expectations to
be: decreasing gain, constant gain with a small gain, and rational expectations.
This set of inflation expectations is relevant if private agents confidently be-
lieve themselves to be in a stable environment, or if they believe it is a stable
environment but, there is a small probability of regime change. We raise the
question, whether there is a consistent policy rule, that performs well on this
set of expectation formations.

Table shows expected welfare losses E when private agents follow con-
stant gain learning with a small gain, and the Central Bank uses the optimal
rule, CG, or mistakenly uses another rule. CG denotes the optimal interest rate
rule under constant gain learning , CG with bad ~ is the same interest rate
rule, but we assume the Central Bank misperceives . EH denotes the myopic
interest rate rule , derived in Evans and Honkapohja (2003b); this rule does
not take into account the feedback of monetary policy to private expectations
(but guarantees stability of learning). DG denotes the optimal rule derived for
decreasing gain learning . Table (8) shows similar welfare loss calculations
for decreasing gain learning and Table @ for rational expectationﬂ For ex-
ample the first row in Table shows that if private agents follow constant gain
learning with v = 0.1 and the Central Bank uses the optimal rule, welfare loss
is 177.21. When the Central Bank mistakenly uses the optimal rule derived for
v = 0.2 the welfare loss is 177.94, under the EH rule the expected welfare loss
is 218.16 and finally with DG rule it is 177.21.

Under learning optimal rules derived for learning perform robustly much
better that the myopic rule (EH), which does not take into account the central
banks effect on private expectations. In other words, when private agents are
learning the Central Bank should make active use of this knowledge, even if it is
unsure about the exact nature of learning (within the learning rules examined
here).

Under rational expectations all of these rules lead to a determinate equi-
librium. The myopic rule provides smaller welfare losses than optimal learning
rules, and the reason for this is that learning rules allow for too high volatility

51Monte Carlo simulations, with length 10,000, crossectional sample size 1000. All results
are with the CCG calibration, similar results hold with the W and McN calibrations.

52Rational expectations means, substituting the interest rate rule in the IS curve , and
then using the Phillips Curve solving for the fixed point in expectations. Under all
interest rate rules listed above, this results Eimiy1 = Erziy1 = 0.
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Table 7: Expected welfare losses when private agents are constant gain learners

Interest rate rule || CG CG with EH DG
Tracking parameter bad vy
0.1 || 177.21 177.94 218.16 195.37
0.2 || 212.93 214.66 313.98 255.26

CCG: Clarida et al. (2000)

Table 8: Expected welfare losses when private agents are decreasing gain learners

Interest rate rule || CG EH DG
Tracking parameter
0.1 || 200.13 223.01 160.24

0.2 || 201.50

CCG: Clarida et al. (2000)

in the output gap E

Table 9: Expected welfare losses when private agents have rational expectations

Interest rate rule || CG EH DG
Tracking parameter
0.1 96.77 96.44 97.09

0.2 || 97.98

CCG: Clarida et al. (2000)

However, welfare losses under RE caused by mistakenly using an optimal
learning rule are much less severe than welfare losses due to using a myopic
rule when agents are learning. Let us consider the following simple exercise.
Assume, that the prior of the Central Bank is that with probability p private
agents follow decreasing gain learning, and with probability 1 — p agents having
rational expectations. Then we can calculate the expected welfare loss of using
EH p times welfare loss under decreasing gain learning with EH rule, and 1 —p
times welfare loss of using EH under RE. And similarly the expected welfare
loss of using DG. Then we can find a cut-off value of p: expected welfare loss of
using the DG rule is less than the welfare loss of the myopic rule (EH) even if
the Central Bank attributes only 2% probability (or higher) to agents following

learning @

53We would like to note, that since learning rules decrease volatility of inflation and allow
for higher volatility in the output gap, for small values of alpha (a small weight on output
gap in the welfare loss function) learning rules even outperform the discretionary rule under
rational expectations (EH)

54The same result holds for constant gain learning with v = 0.1. For v = 0.2 using the
optimal CG rule gives lower expected welfare loss then the EH rule when the Central Bank
hypothesizes there is a 10% or higher probability of learning.
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In sum, the worst case scenario is using a myopic interest rate rule (dis-
cretionary rational expectations rule) when agents are actually learning. Thus
when the Central Bank is insecure as to whether agents have rational expec-
tations or are learning, and tries to avoid huge losses it should use an optimal
learning rule. This holds true, even if the Central Bank attaches only very small
probability to agents following learning.

Our results show, that the ”safest” rule to is the DG rule, in the sense that
the Central Bank does not make a big mistake if it erroneously uses this rule
even if in reality private agents have rational expectations or when agents follow
constant gain learning with small gain.

6 Extensions

Up to now, we have supposed that the CB perfectly observes all the relevant
state variables of the system, namely the exogenous shocks and the agents’
beliefs. In this section we show that our main results extend to a more general
framework, where either the shocks or the expectations are not observable. In
particular, to make the problem non-trivial, throughout this section we modify
the structural equations and with the introduction of unobservable
shocks, so that the model is now given by:

Tt :E:$t+1 —U_l(Tt —E;‘ﬂt_H —Wt) +gt+€$,t (51)

and:
T = ﬁEZ‘ﬂ-FH + KTy + U + er ¢ (52)

where we assume that the CB can observe m; and z; only with a lag, and that
ez,+ and er ¢ are independent white noise that are not observable, not even with
a lag. The rest of the setup is identical to subsection 3.1.

6.1 Measurement Error in the Shocks

We start with the case in which the monetary authority can observe g; and u;
only with an error; in particular, we assume that it receives the noisy signals g;
and uy, where:

9f = g1 + €4, € ~ N(0,02)

uf = ug + Ny nth(O,U%)

To make the problem non-trivial, we also assume that the CB can observe 7; and
x; only with a lag. Note that the shocks do not depend on the policy followed
by the CB; hence, the separation principle applies, namely, the optimization of
the welfare criterion and the estimation of the realizations of the shocks can
be solved as separate problems. As is well known, the above signal-extraction
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problem implies that the expected values of the shocks given the signals ardﬁ

2
Elg:/9{] = EfP g0 = 5otr gt = Cooi

2
E[u/uf] = ECPu; = U%‘jriuoauj = Cuuj

Moreover, the separation principle implies that certainty equivalence holds in
designing the optimal interest rate rule, which turns out to be identical to ,
with g; and u; replaced by ECBg, and ECBuy, respectively:

re = T+ 0%%ar + 6290, + 699C, g7 + 004 Cuuy
=TT+ 00%ar + 0%9by + 89Cy g, + 029 yer + 60 Gy + 8d Cue

We can combine the above equation with and to obtain the ALM for
inflation and output gap:

T = Poyar + uégt + B+ Py Us + [T + Keat + €ny

Ty = pdiar + p g + ple + e + e + e
where: J J
N%t = CTr?t7 Mit = Cg,gt
#i;:ﬂ(l*Cg), Ngzl*Cg
He = _’{Cga :u? = _Cg

dis, —1
,Ll"lut = (di?t - 1) Cu+1, Nit - < 7r’,Q > Cu
d, digt_l
IU/717t = (dﬂ?t - 1) Cua M?]t = ( Y,g ) u

As a consequence of the measurement error, inflation and output gap now de-
pend on a wider set of state variables; however, it is easy to see that the main
findings of the preceding section go through in this modified environment. First
of all, the separation principle trivially implies that when the CB takes into
account the effect of its decisions on future beliefs, the optimal policy is more
aggressive against out-of-equilibrium inflation expectations, compared to the
case in which the private sector’s expectations are considered as exogenously
giveﬂ moreover, the analysis of convergence of learning algorithms to the
optimal discretionary RE equilibriunﬂ does not change in this modified envi-
ronment.

6.2 Heterogenous Forecasts

As argued in Honkapohja and Mitra (2005) (HM hereafter), the hypothesis that
the CB can perfectly observe private sector’s expectations is subject to several

55F.g., see Hamilton (1994).

56For a description of the optimal policy when the CB does not consider its effect on future
beliefs, and there is measurement error in the shocks, see Evans and Honkapohja (2003b)
section 4.2.

57Note that the optimal RE equilibrium is now different from the baseline case, since infla-
tion and output gap depend also on g¢, €, 7¢, and the unobservable shocks ez ; and er ¢.
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criticismg®%} it is therefore natural to verify the robustness of our results when
this assumption is relaxed. In what follows, we assume that the optimal interest
rate rule takes the same form as , but the agents’ forecasts for inflation and
output gap, a; and by, are replaced by the CB internal forecasts, atc B and btc
in particular, we suppose that the CB and the private sector forecasts have the
same form, and are updated according to the same algorithm, which is given by
-. The only difference is given by the initial beliefs. Note that this setup
corresponds to a situation where the CB, in solving its optimization problem,
knows the adaptive algorithm used by the agents to form their expectations,
but cannot observe the actual values of these expectations; instead, the CB
has a tight prior on ag and bﬂ and forms its internal forecasts accordingly.
Plugging the interest rate rule into the structural equations and , we
get the ALM:

1 1 CB 1 1 ;CB 1
Tt = VaQy + Vyop, 0~ + Vybe + Vyepby 7 + vy up + Keg o + en

2 ) B 2 2 B 2 53
xy = viar + VathatC + by + I/bCBb? + ViUt eg (53)

where:

g
1 1 Crt—P 2 _ 1 cr =B
V,cpy = —KO 1—0 - ), Viep, = —0 (1 o
1 _ 2 _
v, =k, vi=1
1 2 _
VbCB = —K, Z/bCB - _1
1 _ gdg 2 _ gdg
Vit = dfr,t7 Vut = st

Again, our main results are unaffected by this change in the CB information
set, both for ¢ < oo and for t — oco. In fact, since the parameters in the optimal
rule are the same as in rule , the results summarized in Propositions 4| and
[6] are still valid. On the other hand, we can study E-stability of the system
extending Proposition 2 in HM to a time-varying environment. In particular, it
is easy to show’1}

Corollary 1. Consider the model ; it is E-stable if and only if the corre-
sponding model with homogenous expectations is E-stable.

Since E-stability of the homogenous expectations model is ensured by Propo-
sition [7] we conclude that also system is E-stable, and it converges to the
optimal discretionary RE equilibriu

58For example, private expectations and their forecasts produced by different institutions
do not necessarily coincide.

59This approach is developed in HM, where it is applied to the EH rule and to a simple
Taylor rule. Evans and Honkapohja (2003a) use this method in a setup where the CB follows
the expectations based interest rule derived in Evans and Honkapohja (2002).

60Tn other words, it believes that ag = agB and by = bgB with probability one, where a
and bgB are given.

61The proof is available from the authors upon request.

62In fact, the system we are analyzing falls into the class for which E-stability and conver-
gence of real time learning are equivalent, see Evans and Honkapohja (2001).

CB
0
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7 Conclusions

In this paper we analyzed the optimal monetary policy problem faced by a CB
that tries to exploit its ability to influence future beliefs of the agents, when
they follow adaptive learning to form their expectations. We have shown that
monetary policy should be aggressive on inflation, and the reason for this is that
in this way private agents learn the true value of steady state inflation faster. We
have shown that optimal policy can be implemented by an aggressive interest
rate policy, and also that this behavior is optimal even at the cost of higher
welfare losses from output gap volatility. We conclude by describing several
areas where future research would be useful.

We have shown that learning introduces an additional tradeoff between in-
flation and output gap stabilization that is not present under rational expecta-
tions, namely an intertemporal tradeoff which is generated by the central banks
ability to influence future expectations. We analytically show that because of
this intertemporal tradeoff, during the transition optimal policy qualitatively
resembles the commitment solution under rational expectations. In this sense
the Central Bank’s desire to influence future expectations by its current action
acts as a commitment device.

Optimal policy naturally chooses an E-stable policy, but even though during
the transition optimal policy resembles the commitment solution under rational
expectations, in our setup it drives expectations to the discretionary rational
expectations solution. The reason for this is that agents expectation formation
does not nest the commitment solution under rational expectations. Under
rational expectations commitment calls for an ALM with a different functional
form than the discretionary case (see Clarida, Gali, and Gertler (1999)).

It would very interesting to explore the possibility of reaching the commit-
ment solution with adaptive learning algorithms. This question is particularly
interesting as from the backward looking nature of these learning algorithms it
follows that such policies are time consistent.

Our analysis was restricted to examining optimal policy given a certain learn-
ing algorithm. We have shown that optimal policy under decreasing gain learn-
ing performs robustly well both under rational expectations and under constant
gain learning with small gain parameters (i.e. using a rolling window regression
with a relatively large window). Which suggests that our rule would perform
well even if private agents were to switch expectations formation within this
set. It would be interesting to examine how monetary should be conducted
with endogenous expectation formation, in other words when private agents
would change their expectation formation depending on their perception about
the underlying economy. Endogenous expectation formation could be formu-
lated for example along the lines of Marcet and Nicolini (2003) where agents
dynamically switch between predictor use depending on the last forecast error.
An alternative way would be to to model expectation formation as in Molnar
(2005) where agents do not switch predictor use, but always a weighted av-
erage of predictor forecasts and adjust the weight on predictors dynamically
depending on the relative forecasting performance.
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A Constant Gain Learning

Lemma 1. Let the set of all the real bounded sequences be defined as follows:
M= = {{z} e R™ : {2} is bounded}

and let:
G= {{Wuﬂ?tﬂ“t,atﬂ,btﬂ} € M™>™ x M x Mjo}

If there exists a sequence {ﬂf,xf,rf, a1, b;‘H} € G that solves the problem:

{me,x¢,r¢ 041,041 EG

st @, @ @ @

ag, by given

then {ﬂf,x;‘,r;‘,afﬂ,bjﬂ} solves also @)

min Ey Z Bt (n? + ax?) (54)
=0

Proof. Let {%t, T¢, T4, at+1,3t+1} be an arbitrary unbounded sequence that sat-
isfies the constraints of , and such that:

o
V=Y p'F +ai}) <0 (55)
t=0
Let {7}'} be defined as:
{72} = {T0,T1y oo, Ty Tony Ty ooe }

~

and {ZE?, T, A, b?H} are defined accordingly to respect the constraints of

1} clearly, {%f,fc\g,?g,agﬂﬁgﬂ} is bounded, so that:
VP>V Wn
Since this is true for any n, it must be true also in the limit, i.e.:
lim V"> V*
n—oo

if lim V™ exists. However, it is easy to see that lim V™ = V; since {%t, T, Ty, Qg1 th}

n—oo n—oo

was arbitrary, it proves the statement E O

Lemma 2. Let Ayy be given by equation in the text; then it has an eigen-
value inside and one outside the unit circle.

63Note that the condition (55) can be imposed without any loss of generality, since

any {%t,@,ﬂ,am,&“} that does not respect it, for sure cannot do better than

* * * * *
{Wt ’mt7rt7at+1’bt+l}‘

38



Proof. First of all, we recall a result of linear algebra that we will use in the
proof, i.e. that a necessary and sufficient condition for a 2 by 2 matrix to have
an eigenvalue inside and one outside the unit circle, is thatf®}

l1 + p2| > 1+ papel

where p1, po are the eigenvalues of the matrix; in the case of Ap;, the above
condition can be written equivalently:

K2+ a+afy(l-v(1-p))
2B (L—7)+aB(l—y(1-p5))
K H+a+afy(1-y(1-7) aB(1-BA-7)(1-y(1-0))

+1-79>

1+

(1=7)+

W2B(1—7) +aB(1—v(1—75)) W28(1—7)+aB(l—~(1-5)

where we have used the fact that the trace is equal to the sum of the eigenvalues,
and that the determinant is equal to the product. After simplifying the above
inequality, we get:

> ,Y<f’v2+a+a627(1—7(1—6))—aﬁ(l—ﬂ(l—v)(l—v(l—ﬂ)))>
2B —7)+aB(l—~(1-0))
so that all we have to prove is that:
Rtatafy(l-91-p)-aB(l-6(1-7)1-~v1-0))
(L= +af(l—y(1-7)
Some tedious algebra shows that this is equivalent to the following expression:
R2A=B(1=)+al-=05)1-B(1-~(1-5))) >0

which is always true, since § and y are supposed smaller than one. O

>1

We now prove Proposition [} First of all, we can guess that inflation fol-
lows the ALM and use the optimality condition and the method of
undetermined coefficients to verify that ¢29 must satisfy the following quadratic
expression:

P2 (¢29)® + p1ed +po =0

where:

pr = Y[FBU—y)+ap(l—7(1-8))]

P A= [PBA=V+aB(l=—~(1=0)] - [ +a+af’y(1—-7(1-p))
po = af(1-B1-7)1-~v(1-5))

The above polynomial can be equivalently rewritten as follows:

cg\2
e )
1

64LaSalle (1986).
65Which we showed in the text that is the functional form that inflation will have at the
optimum.
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We will prove that the function f(-), defined on the interval [0, 1], is a contrac-
tion, so that it admits one and only one fixed point; moreover, since the two
roots of the quadratic expression have the same sign (it is due to the fact that
both py and pg are positive), it follows that the other candidate value for ¢ is
greater than one, which is not compatible with the boundary conditionﬂ

First of all, we show that f(-), when defined on the interval [0, 1], takes
values on the same interval.

Lemma 3. f(c%9) is strictly monotone increasing on the interval [0, 1].

Proof. Note that:

2v[aB(1 — (1 - B)) + &*B(1 — 7)) <9
E+atafy(l-—y(1-0) -1 =)[K2BA-7)+aB(1-—y(1-8)] "

which is positive if and only if the denominator is positive:

Hta+afy(l-y(1-08)-1-y)KBL-y)+aB(1l—-y(1-p)]s0

) =

After rearranging:

K2 (1= B =7)%) +all =1L =71 -1 =B)]+af*y(1-7(1-p) S0

which is always positive. Thus we have proved that f(cS9) is strictly monotone
increasing on the interval [0,1]. O

Lemma 4. f(c%9):[0,1] — [0,1]

Proof. Since f(cS9) is strictly monotone increasing it suffices to show that f(0) >
0and f(1) < 1.

af(1-3(1-y)(1-~v(1-0)))
2tatafy(l-y(1-08) -1 -y)K2B(1 -7 +aB1—~(1-p))]

where the denominator is positive (see the preceding proof), and also the nu-
merator is trivially positive. Thus f(0) > 0.

V[RPBA=7+aBl-7y1-8)] +aB(1-B(1—-7)(1-y(1-4))
Rtatafy(l-—y1-0)-A=-KLBA-7)+af(l-v(1-7))]

After rearranging, we get:

f)s1+=0sr1-31-9))+al-F01-F1-y(1-5))

f(0) =

f(1) =

but, as we argued above, the RHS of the last inequality is always positive; hence,
f(1) <1 O

66Since it would imply an exploding inflation.
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To show that f(-) is a contraction, it suffices to show that its derivative
is bounded above by a number smaller than one: in fact, by the Mean Value
Theorem, we now that for any a, b, there exists a ¢ € (a, ) such that:

[f(a) = fO) < [f'(e)]|a—b]
and if [f'(¢)] < M < 1 for any ¢ € [0, 1], we have the definition of a contraction.
Lemma 5. For any z € [0,1], 0 < f'(z) < f/(1) < 1.
Proof. First of all, note that:
2y[0B(1 = (1 = §)) + KB = )] )
etatafy(l-—y(1-0)-1A-y[KBA-7)+ab(l-~(1-0))

is positive and increasing in z, so that m[ax] 1(x) = f'(1); after some algebraic
z€(0,1

fi(z) =

manipulation, we get:

FS1e 1= BL-—y1-+B(1—7(1-B)-15 = (1-F(1-7))
Since 3,v € (0,1), we have:
A=B7)BA-y(A=p))+By(1—7(1—=8)-1<1-By+py (1 —v(1-F))-1<0

so that f/(1) will be smaller than one (%2 (1-8(1—1?%) is always positive).
O

Moreover, we prove the following result.

Lemma 6. Let f(-) be defined as above; then, f (H;{EQ) < K?fa.

Proof. Note that:

f( af ): af(1-B1-7)(1-~(1-H) .
ta) ratafy(l-71-0)- 1=K LA-7)+ab(l-y(1-7F)
. v [828(1—7)+aB(l—v(1-8))] ( af )2
K2+a+afy(l-y(1-0)-1-7)kKB(1L-7)+aB(1l—-v(1-08)] \x*+a

if and only if:

(P +a)aB(1-B1-y)1-71=8)+7[E2B1L-7) +aB(l—v(1-p)] =2 >
tat+afy(l-v(1-08)-1-y)kBAL-7)+ad(1l—~(1-70))] =

For v = 0 it is easy to verify that f (Hg‘fa) = N?fa. If v > 0, since the
aii 5 < 0, the LHS of the above inequality is smaller than:

(KP4 a)af(l-B1—7)1—71=0)+ by [*B(1L—7)+af(1—~y(1-p))]
K2+a+afy(l-y(1-06) -1 =[FEB(1-7)+af(l—-v(1-0))
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which is equal to one; in fact:

(K2 4+a)(1—BA—7)(1—~(1—=8)+ 2B (1L —7) +aB(l—v(1—8))
K2+a+afiy(1—v(1—-p)—1-7)KB(1—7)+aB(l—y(1-4))]

is equivalent to:

(= +) B(1 =) (1 =7 (1= A)+(1 =y (1= B) [26 (1 =7 (1 = B)+826 (1 = )] Z afy (1= 7 (1 = B))
But the LHS can simplified as:
RPBAL=7)1=y1=8)=B1-7A=r1=P))+af(l-~7(1-8)1-v(1-5)—(1-7)

which is equal to:

1

AV

af?y (1—~(1-p))
Summing up, we showed that (if v > 0) the following holds:

(K2 +a)(1—BA—y)(1—~(1—8)+ 281 —7)+aB(l—v(L—8))
K2+a+afy(1—v(1—p)—1-KBL—7) +aB(l—v(1-0))]

which implies that:
af af
f(/#—&—oz) < K2+«

We are now ready to prove the Proposition.

=1

Proof of Proposition [ Combining the Lemmas and We obtain that f(-)
is a contraction when defined on the interval [0, 1]; moreover, by Lemma |§| we
get that f, when defined on [0, Kfﬁ], takes values on the same interval. This

result, together with Lemma [5| and with the inequality % < 1, implies that
f(-) is a contraction also when defined on the interval [0

af

K24+’
Finally, note that when v = 0, f(c59) collapses to %, which proves also
the last statement of the Proposition. O

u«u?ﬁ] and, therefore,

that the optimal ¢29 must be between zero and

B Decreasing Gain Learning

Proof of Proposition[3 To prove the first part of the statement; first of all,
note that if we solve forward the following difference equation:
o

d d
oy = B + Zra (1-0)

we obtain one and only one bounded solution, i.e.:

«
cdg o ﬂ

= vt
T k24«
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Moreover, we can rewrite the difference equation defining cigt’ as:
A11 thg — Cdg = Gt = _Lcdg — Algt + Lcdg Cdg
st t T,t4+1 t+1 T,t+1 ) t+1 Tt t41
If ¢ is bounded, it is easy to show that G has a limit:

(1-5)

«

lim Gy = — lim Aoy = ——
t—00 t—o00 ? K2 + «

We can also show that the difference equation defined by G converges to:

—1 dg dg
6 Cror — Crrt1

Summing up, in the limit we have that ¢%9 evolves according to:
d d af
¢rF = Begl g + Zra (1-5)
which, as we argued before, has one and only one bounded solution:

dg _ 0&5
T I‘LZ +a

We prove the second part of the statement by contradiction. Assume that

there exists a T < oo such that ciﬂ > ﬁiz; we show that this implies ci?t >
af

ainz forany ¢ > T First of all, we can write:

dg 1
Cr,T+1 (1 - T+1) — A2 dg af
= C_- >

™S g 4 K2

dg 1
Avr — o T

Rearranging and simplifying, this turns out to be equivalent to:

1 of d of
1-— 1-— 9> ——A A 56
( T+1 ( a+n2>)cw’t+1 T o+ K2 17+ AT (56)

Note that the RHS is equal to:

o _ af LY (ot _
ot s Ther = aB(l+ By) + k28 [6<1+ﬁt+1) <1 T+1(1

S U (ata))
a+}€2<1+ﬂt+%)_l T+1 a+ K2

1
Sy . B
o+ K2 T+1 a+ K?
-1
where the last inequality is due to the fact that (1 + 5t-|%1) < 1; putting
together the last inequality and (56)), we get:

dg O‘ﬂ

c > —F
T, t+1 O(—I—KQ
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Then, we can apply the above argument to c’fr?t 12 as well and, proceeding by

af
a+tkr?

which is a contradiction with the result stated in first

dg _ _ap
Tt T atk?

induction, conclude that cfr?t > for any ¢ > T". An immediate consequence

dg> af

is that tlg(r)lo Crt > agn?

part of the Proposition, namely tlim c Hence, we have shown that

—00
dg > af

Tt = a+r2"

there is no ¢t < oo such that ¢
O

Proof of Proposition[5 Recall that, as shown in Proposition | [Bl we have
lim % B since 0 < =22, < 1, for any C with =22, < C < 1, there
— 00

_ (&3
Tt T atk?? a+rk? a+k

t
exists a T such that, for any ¢ > T we will have 0 < ci{’t < C; moreover, us-
ing the ALM for 7, the law of motion of inflation expectations after T' can be
rewritten ad®’}

ary1 = ap+ (E+ 1), — Dag < ap + (t+1)71(C - Day

where the RHS of the inequality converges to zero, as shown in Evans and

Honkapohja (2000). It is also easy to show that, V¢ > T we have a;; > 0; thus,

invoking the Policemen Theorem, we conclude that tlim a; = 0, i.e. inflation
— 00

expectations converge to their RE value. O

Finally, we prove Proposition First of all, we will briefly describe some
results of stochastic approximatio that we will exploit in the proof.
Let’s consider a stochastic recursive algorithm of the form:

O, =01 +7Q (t,0i-1,X1) (57)

where X; is a state vector with an invariant limiting distribution, and ~; is a
sequence of gains; the stochastic approximation literature shows how, provided
certain technical conditions are met, the asymptotic behavior of the stochas-
tic difference equation can be analyzed using the associated deterministic

ODE:

do
& = h(6(r) (59)

where:
h(0) = tlim EQ(t,0,X;)

FE represents the expectations taken over the invariant limiting distribution of
X4, for any fixed 6. In particular, it can be shown that the set of limiting points
of is given by the stable resting points of the ODE .

67Without loss of generality, we are assuming that ap > 0; if the opposite were true, a
similar argument applies.
68 jung (1977), Benveniste and P. (1990) provide a recent survey.
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Proof of Proposition[7 Note that our equation is a special case of ,
where the technical conditions are easily shown to be satisfied; moreover, it is
also easy to see that:

h(a) = nm(ci?t—ma:( b —1>a

t—o0

which has a unique possible resting point at a* = 0. Since % < 1, we have

that a* is globally stable, which proves the statement. O

C Comparison with EH Rule

Proof of Propositions[{] and[6] First of all, note that:

dg
—c K
ﬂ ,t >o 5

d EH
6g>5 < 0
LB K ST o+ K2

where the second inequality can be rewritten as:

d
6 Hﬁ > C‘ﬂ'{]t

K a+r2> K

Rearranging the terms, we get:

af
GGz ot = —— 2
’ a + KJ ’

ap

at+k??

conclude that 5%7 > 0EH Using a similar argument, it is easy to show that:

Since we have shown in Proposition |3 that ¢ < oo implies cfft < we

d EH o dg
59 =2 5 = =>d
ut < Yu o + K2 < YUrt

which implies, since

« «
Rt at a2 (B — )+ Ay (1) (@B — (2 +a)cd) ~ata?

cg __
df =

that (53? > 6FH wwhenever t < co. Finally, note that Proposition |3[ also showed
dg _ _ap

m,t a+k2?

SEH, 0

that lim ¢ which trivially yields lim 5559,5 = 6EH and lim 65? =
t—o0o t—o0 ’ t—o0
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Figure 1: Interest rate rule coefficient on inflation expectations under decreasing
gain learning.
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Figure 3: Values of o and & for which 629 is increasing in the first 4 periods.
From the 4th period on §%9 is always decreasing. (3 = 0.99)
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Feedback parameter as a function of y
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Impulse response of an initial cost push shock u=1

1.4 T T T T T T T T
= | earning
o RE

1.2

Inflation

Figure 5: Impulse response of an initial cost-push shock u = 1 with optimal
policy under learning and optimal discretionary policy under RE, starting from
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Figure 6: Evolution of inflation and output gap expectations for the optimal
(solid line)and the myopic rule (dashed line), when agents follow decreasing gain
learning.
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Variance of output gap expectations
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Figure 9: Feedback parameter under decreasing gain learning (DG) and constant
gain learning (CG)
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