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Abstract

This paper presents an alternative approach to understand the role
of insurer in an economy with incomplete market. Based in a simple
Stokey-Lucas framework. I construct a model with microstructure in
the treasury bond markets with heterogenous bidders.
The quantities and prices of the treasury bonds are a result of an

auction mechanism, where the agents infer the private valuation dis-
tribution of others agents in order to obtain individual valuations. In
this environment, the government�s borrowing constraint is endoge-
nously determined by strategic behavior, and therefore the govern-
ment insurer role depends on the size of incompleteness of public debt
markets.
Jel Classi�cation : E62,H31, O15
Key Words: Optimal public debt and Treasury Auctions

1 Introduction

When public debt markets are exogenously incomplete a non contingent-
debt pro�le are implementable according with state- competitive allocations
[Angeletos 2001, Buera and Nicolli 2004]. Optimal structure of public debt
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plays a roll of insurer to face exogenous shocks [Mendoza 2004]. Nevertheless
this result is sensitive to agent�s perceptions and frictions in treasury-bonds
markets. Sleet and Yeltekin [2003], Sleet and Albanessi [2004] suggest a
imperfect government insurance by moral hazard problems and highlighted
labor taxes persistence, positive covariance between government spending
and value of public debt are signals of endogenous incomplete marktet. This
paper is closely related with Sleet and Yeltekin [2004] with others charac-
teristics of the treasury bonds market. Aspects as participation, collusion
and expectations of the agents into public debt markets are determined in
the incompleteness size of the market. This article shows a particular case
where the government fails to achieve a full insurance. It also introduces a
microstructure of treasury bonds markets in a stochastic Stokey-Lucas econ-
omy [1983] with heterogeneous agents. The heterogeneity comes from the
amount of information that agents know. Level and prices of treasury bonds
are a result of the auction mechanism, where agents infer the private valua-
tion distribution of others agents in order to obtain individual valuations.The
number of bidders is known by agents and the dynamic behavior of the agents
is modeled as a Markovian game with incomplete information.

Related literature about the auctions in treasury bonds markets show
the importance of pricing rules on revenues, level participation and incen-
tives to collusion as determinants in allocations mechanism of the resources
into the auctions. Bikhchandani and Huang [1993] analyzes the revenues
behind uniform auction and discriminatory auctions and found that in the
case of uniform auction format, these have a higher revenue because the win-
ner�s curse leads to lower demand a behind discriminatory scheme. Similar
results are supported by Ausbel and and Cramton [1998], Chari and Weber
[1992], and Nyborg and Sundaresan [1995] . Contrary, Wilson [1979] and
Daripa [2000] argue that two auction regimes lead to the same revenue. As
presented in Sareen [2004] the results are not conclusive and depend on the
price reveladed mechanism used by the government in order to maximize the
revenues.

Another crucial topic in treasury auction markets is participation. Sa-
reen [2004] presents two di¤erent de�nitions of participation according with
the market structure. The �rst de�nition is related to a number of bidders
who participate in government securities auctions which in most cases are
regulated by institutional features. The second de�nition is refer to �cover-
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ratio�which is de�ned as total bid amount related to issues amount. In this
sense, when the cover ratio is high the di¤erence between average yield of all
accepted binds and cuto¤ yield are increases. One reason, is the aggressive
behavior of bidders which lead to the probability of an eligible bidder winning
positive amount in the auctions, this probability increases as the number of
aggressive agents increases in participation by this bidder. An important
feature are di¤erent auction mechanisms that lead to changes in the partici-
pation. In the discriminatory �rst price securities auctions, the agents try to
infer the cuto¤ yield in the primary market and resale in the second market.
This arbitrage opportunities lead to �winner�s curse�between informed and
uninformed players. If both types agents taken into account this problem, the
informed bidders will shade theirs bids with respect to uninformed agents.

On the other side, the literature about the implications of public debt over
the allocations of resources show how sensible is the optimal level of debt to
the market structure. A �rst article in this line was Barro [1974]; he analyzed
if public bonds induce changes in net wealth, and enunciated the Ricardian
equivalence proposition, where the optimal debt depends on the initial level
and have neutrality over all intertemporal path. This proposition was a good
starting point to analyze the performance of public debt with other speci�-
cations, as distorsionary taxation, inheritance, �nite horizons other features.
The question arising behind those characteristics is whether the same results
can be maintained. Other papers as Bernheim [1987] show how Ricardian
equivalence fall behind other assumptions as �nite horizons, liquidity con-
straints and distorsionary taxation. Blanchard and Fisher [1985] present a
model of perpetual youth where the agents face a probability of dying at
di¤erent moments of life cycle. In this model the taxes are partly shifted to
the future generations and Ricardian equivalence fall. Marc Hayford [1989]
explore the implications of Ricardian equivalence where consumption is very
sensitive to current income. Behind imperfect market, the Ricardian equiv-
alence holds if the quantity of borrowers pay taxes in the future.

Chari, Chrisitano and Kehoe [1993] analyze the optimal �scal policy in
a business cycle model and found that in cycle the optimal labor taxes are
constant across the optimal path. The optimal expected capital taxes are
zero and the role of debt is to absorb the macroeconomic shocks. The con-
tributions of this paper are that the optimal labor tax do not respond to non
anticipate shocks, therefore this type of taxes are e¤ective to smooth taxa-
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tion. In this model the distortions could be smoothing with state-contingent
capital taxes equal to return state contingent debt. Aiyagari and McGrattan
[1998] analyze the optimal debt where the markets are incomplete. In this
model the public debt generate liquidity e¤ects on the intertemporal allo-
cations. The optimal debt merge a trade-o¤ between liquidity e¤ects and
distortionary taxation. They found that the optimal level of debt of US is
small. This model is based on Aiyagari�s [1994] tradition where the agents
face borrowing constraints and precautionary saving motives. The model
show that the public debt lead to crowding out capital with higher interest
rates a lowers consumption level.

Buera and Nicolini [2000] show how di¤erent maturity structures improve
the incompleteness of the asset markets. The government use di¤erent matu-
rity structure as an strategy to complete the assets market. A similar study is
exposed by Angeletos [2001] who explores the implications of the contingent
debt over the optimal maturity structure, in this case the maturity struc-
ture is an insurance to uncertainty. The Ramsey outcome is supported by
the optimal maturity structure and by smoothing taxation behavior of the
government.

Aiyagari et al [2002] create a model similar to Lucas and Stokey, where the
markets are incomplete. In this case the debt and taxes process with limits
of debt replicate the same results of smoothing intertemporal consumption
with debt. In this case the contingent debt is a characteristic of optimal �scal
policy behind complete markets. Villaverde and Tsyvinski [2002] analyze the
optimal �scal policy without commitment. They use recursive approach of
repeated game theory for characterizing the set of outcome equilibrium and
the strategies that support the equilibria payo¤. The model compares the
solutions behind Ramsey policy and the Markov solution behind two envi-
ronments. Another work is presented by Guerson [2003] who shows that the
procyclical policy increases the volatility and reduce the welfare in the case
where the government do not have a technology commitment. The author
shows how the volatility is minimized if the government reduces the expen-
diture in the bad nature states evading the excessive accumulation of debt.
As mentioned earlier Sleet and Yeltekin [2004] create a model where the gov-
ernment has private information and limited commitment, the implication
is that the treasury bond markets are endogenously incomplete, which gen-

4



erate high volatility in the asset prices and reduce the possibility that the
government uses the public debt an insurance to exogenous shocks.

In this article, optimal intertemporal consumption rules are analyzed tak-
ing into account di¤erent agents valuations. The auctions determine bond
prices and therefore saving allocations. When an amount of bidders and pri-
vate valuations change volatility in bond prices and returns, this generates a
wealth e¤ect not considered before in macroeconomic intertemporal models.
In this model, the government losses a full control of the interest rate and
therefore optimal structure of public debt is missed. This result show that
the government�s borrowing constraint is endogenously determined by the
strategic behavior, and therefore the �government�s insurer role�depends on
the size of incompleteness of public debt markets. The rest of this paper
is organized as follows. In the second section the model framework is pre-
sented. The third section is dedicated to explore di¤erent implications of
the incomplete markets where risks are endogenously determined by agents.
The model is parametrized in the section fourth and concluding remarks are
given in the last section.

2 The Model

In this model we assume a simple microstructure of the public debt market.
Following the Glosten-Milgrom model [1985] there exists a number of het-
erogenous informed participants. The market selection mechanism is based
on the bid-ask process which explained the spread between di¤erent periods.
We identify two types of participants: specialist and investor. The specialists
set a bid and asking price with the interpretation that they are willing to sell
one unit of stock at the ask and buy on unit of the public bond at the bid.
An investor arrives at the market and is informed of the biding prices and
asking prices at which time he is free to buy one unit at the ask or sell one
unit at the bid or leave. This microstructure of the government securities
is connected with intertemporal model in order to study welfare e¤ects of
public debt dynamic.

2.1 Environment
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Consider an exchange intertemporal economy populated by N agents in�-
nitely lived. In each period the economy faces a stochastic shock in the
government expenditure which is modeled as a Markov process as Aiyagari
et al [2002] � (s0js) = prob fst+1 = s0jst = sg. The history shocks are the
realization of the past values st = (s0; s1; :::; st) Ys 2 S . In each period
each agent has access to the treasury bonds market and her is a potential
buyer in this market. Each i-buyer receives a private signalmi 2 [m;m] ;with
this information and given a speci�c state s; each i-agent demands a set of
price-quantity (bgi ; p) : This set is used to transfer consumption over time.
Preferences of each agent are sequences of consumption and labor and they
are represented as standard form:
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2.2 Treasury Bond Market Aggrements

In each period of time, the government sells securities to i-agents. The mi-
crostructure of treasury bonds is analyzed through �rst price auction mech-
anism where many units of treasury bonds are o¤ered to sale (multi-unit
auction) and the bidders bids submit a demand function which represent the
willingness to pay. Two di¤erent mechanism is used in the allocation bonds
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between agents, the �rst is discriminatory action or multiple price mecha-
nism. In this auction format each bidder may submit multiple price quantity
pair as theirs bids, then the market is cleared from the highest price for each
point in the demand curve, in this case all winning biders pay their own bid
price �pay- as- bid�. Another hand, other mechanism used in the treasury
market is the uniform price auction where the quantity of public bonds that
government wishes to sell is a result of clearing conditions in the market.

We study the welfare implications of the �scal policy when the heteroge-
nous informed agents about the prices and return of the public bonds, in
this sense the microstructure of public debt is modeled. The interaction of
di¤erent agents is given by �rst price auction mechanism. The prices and
quantities of bonds as a result of Nash equilibrium between market makers
and government. An auction has N symmetric bidders which are denoted
by (i = 1; ::; N; ) each bidder have a valuation �i for the single bond and he
receive a private signal Xi about �i . Bidder i only observe Xi prior to be-
gins to auction but she face asymmetrical information because don�t observe
other valuations Xj.
The private signals and bidder�s valuations are jointly distributed accord-

ing to probabilistic distribution function F (�1; :::�N ; X1; ::; XN), the para-
digm used in this case is the private value which implies that (�i = Xi). In
this sense, the key point is estimate a structural model in order to iden-
tify the F distribution according with the bids winning data h

�
pb1; ::; p

b
N

�
.

A bid function is a bi : F (�1; :::�N ; X1; ::; XN) ! h
�
pb1; ::; p

b
N

�
, we assume

monotonicity assumption in such way the bid function ensure the mapping is
one to one. The bid equilibrium function is strictly increasing and di¤eren-
tiable and the inverse function exist  (bi). Therefore, the �rst price auction
mechanism implies given a observed object , the bidders solve the following
problem according with the behavior of the other bidders. Demand function
of each bidder is denoted bgi (p (s

t)) = 'i (p; xi) , in this sense the aggregate
demand function is:

bbg �p �st�� =X
i
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p
�
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��

the market clearing conditions satis�ed:
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Nevertheless, the demand function express the stochastic residual supply
according with the following probability distribution over set market clearing
prices:
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= Pr
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For each (s), the bidder solve the following static stochastic problem:
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Taken as given the state (s) the Euler condition for this optimization
problem is:

p(st) = �
�
p
�
st
�
;mi

�
�  (p (st) ; bgi (p (s

t)))
@
@p
 (p (st) ; bgi (p (s
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This equation mean that in the optimum bid price is the spread between
own bidders valuation and average yield or "bid-shading factor" Hortacsu
[2002]. Then the Euler condition is a symmetric Bayesian Nash equilibrium,
the bid shading factor re�ect the "markup" associated to the best response
of the other agents. Observe, that in the price bonds face a high variability
given that the perceptions of the agents in to the auction. As address in
the next subsection, the �uctuation prices introduce another channel in the
understand the endogenous incomplete markets in a intertemporal economy.

2.3 Individual Intertemporal Optimization Problem

As mentioned above, each agent use public debt to smoothing consumption
over time. The timing sequences of the events is as follow: Firstly agents
participate in the auction in order to get public bonds and after her make
saving decisions note that the natural limit is generated endogenously by the
auction interaction. The problem that face each agent is:
The problem that solve each agent is:

max
fcit;bit+1g1t=0

E
1X
t=0

�t� (s0js)ut (ct; lt)
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subject to:
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b sup = max [bg�i ]

For simplicity �s denote the next value of variables. A Markov game
framework applies to �rst price auction and it�s represented using the Bell-
man equations as represent recursive decisions process. The Markov equi-
librium concept involve best response of the bid function according with the
intertemporal plans.

De�nition 1 A Markov game hS; I; A; P;Mi consists a nonempty sets of
states S a �nite sets of agents I and actions A, a transition function P :
S � A! S a reward function M : S � A! R where:
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The Euler equation for this optimization problem are:
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Observe that agents valuation lead to in the intertemporal rate of sub-
stitution lead to "income �uctuation problem". In addition, labor taxation
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induce distortion in the allocation between leisure and consumption. In-
tuitively, strategic interaction between agents in the auction markets does
in�uence a "endogenous risk premium" which restrict the set of asset trades
the government can used in to order to insurance face to stochastic shocks,
that is intrinsic principle of the model.
When replace the price-Kernel stochastic process in the government bud-

get constraint the pseudo-implementability budget constraint:
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Then path of debt following the stochastic sequence:
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Iterating debt equation:
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st
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�k (�k � �k) �k

Whether a positive correlation between intertemporal consumption and
budget supply then the government issues more debt in order to hedge against
�scal shocks. In the similar way when the agents have high uncertainly, the
government debt play a role provide liquidity to agents in order to smoothing
distortions over time. Nonetheless, the model show when the perceptions
about �scal situation contain high variability the insurer role of government
debt decreases, that is partial insurer role of government. The timing of
treasury contracts in�uence the �nal price. The optimal timing taking the
endogenous set of bonds choices into account may save costs. In addition,
The design of auction due intertemporal constraints and bidder heterogeneity
which a¤ect the optimal saving in the economy.
Consider �th as the strategy pro�le which consist in a set of optimal bids

space s 2 S described by #. The value function associated to this problem
is :
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V h
�
�h
�
= argmax

1X
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�tW
�
�h
�
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In similar way, the government has a sequence of treasury bonds which
are issued taking account private information about the endowment shock in
the economy (s) �tg (s). The maximum value of government strategies are:

V g (�g) = argmax
1X
t=0

�tW (�g) (�t)

A subgame perfect equilibrium is a strategy pro�le � =
�
�h; �g

�
such

that is a competitive equilibrium and the government plans are consistent
over time, that is:

V g (�g) � V g� (�g)

2.4 Computational Method

The optimization problem described above is solved using a simple extension
of the parametrized expectation approach (therefer PEA). This method is co-
herent with used by Macfadden [1989], Pakes and Pollard [1989] and La¤ont,
Ossard and Voung [1995]. The basic idea is develop a estimation method for
the distribution of the private values. The algorithm is proposed in the way
of simulated non linear least square objective function which is used in order
to obtain the fundamental parameters of the private value distributions.

When the microstructure is modeled both with the intertemporal deci-
sions of the agents, the optimal conditions is a set of the individual policy
rules that involve intertemporal consumption and bid functions, then, the
expectation of the agents is parametrized according with the state variables.
This method could be used with other speci�cation of the simulated econo-
metric methods which are coherent with the PEA approach, for example
adaptative models in auction is proposed by Bajari and Hortacsu [2005] and
its is extended by learning dynamic behind PEA algorithm [see Heer and
Maussner 2005].

The extension which is proposed in this papers follow two parts: 1) A
simulated estimation of the private values in the auction. 2) Parametrized ex-
pectation of the state variables. The �rst part implies a coherent distribution
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with observed winning auctions and the second integrate this distribution
with invariant policy rules

The �rst order condition is transformed in the following problem in a
least squares objective function which minimizes the sum of squared devia-
tions between moments in the data and the theoretical sample moments of
Z distributions.

Q� (��) = argmin
��

1

J

JX
j=1

h�
bw�j;t � Eg;t (b (�))

�2i
Where J is the number of auctions, N number of the participants in the

auctions. bw�j;t is the winning observed in the J auction, and the Eg;t (b (�))
is the expected bid which is calculated by Z distribution. The procedure to
obtain Eg;t (b (�)) for j = 1; ::::J is:

1. Draw (Xs
1 ; :::; X

s
N) using the marginal distribution Fx for each para-

meter � , holding a seed constant for random numbers across di¤erent
values of � .

2. Given the parameter value , evaluate the bids which correspond to the
drawn signals: (bw�1 = �1X

s (�) ; ::; bw�n = �n (X
s (�)))

3. if bw�u 6= �uX
s (�) for any u auction, we need to repeat the step 1 to

converge.

The �rst order conditions described above are expressed in the following
system equation:
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According to th simulated estimation solve the system equation described
above and found the optimal path for consumption, public debt, bonds prices
and valuations.
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3 Simulated estimation and Numerical Ex-
ample

Based in the Colombian data, I consider the following treasury 54 bids which
have the following statistics: the mean of bids are 108.375, Standard Devia-
tion 5.803 and number of bidders are 70. The frequency is described in the
next �gure:
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Graph 1

The stationary distribution of bonds and consumption are computed us-
ing a �xed point of the Euler conditions, and it is behavior is reported in
appendix graph. The experiments is based in the stochastic shocks of the
magnitude of one standard deviation, and the results show that the level of
participation alters the free-risk return and prices of new debt. The con-
sumption is less volatile and the mean value of household�s asset (i.e public
bonds) is increased. The intuition behind that, is when the participation is
increased the agents have incentive to smoothing consumption, in this sense
the public bonds react to insurer in the economy1. Contrary, if the a few
participation in the bond market lead to high asymmetrical market which is
traduced in liquidity constraints and consumption volatility and less welfare.

1Similar arguments are presented by Angeletos[1999], Nicolli[1999] and Mendoza [2001]
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Figure 1: Figure 1

As illustrated in the di¤erent simulations, the bidders and policy functions
shows precautionary behavior of agents when face high volatility. Di¤erent
perceptions of agents induce a collusive behavior as showed in �gures 3,5,6
which is coherent of trend in the policy functions. This particular �ows of
information induce to agents su¤er of �winner-course� and therefore high
variance in the consumption.The optimal bids function in the discriminatory
case are presented in the graph 7 and bene�ts of auctions are reported in
�gure 8.

4 Appendix Graph
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Figure 2: Figure 2
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Figure 3: Figure 3
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Figure 4: Figure 4
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Figure 5: Figure 5
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Figure 8: Figure 8
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Figure 9

5 Concluding Remarks

This paper presents a model of intertemporal �scal policy with a microstruc-
ture of the public debt markets. Di¤erent valuations in the treasury bond
markets a¤ect intertemporal consumption. When an economy face incom-
plete markets, the agent perceptions in the treasury market lead to endoge-
nous borrowing limit. In this sense, if the government would like implemented
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an optimal public debt, the strategic interaction a¤ect this level and induce
changes in the optimal taxes and in this way the credible equilibria in the
long run.
Di¤erent auction mechanism a¤ect the strategic behavior in the treasury

bond market. In this paper, I explore the case of the discriminatory auction
and found irregular trends for di¤erent levels of participation. In this sense
while the participation is increased, the volatility of consumption is reduced
and the welfare increases. This a e¤ect of government as insurer, but a di¤er-
ence with other papers the incompleteness is endogenous and its determined
by a strategic behavior of the agents.
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