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Abstract

Productivity dispersion across firms is large and persistent, and
worker reallocation among firms is an important source of productiv-
ity growth. The purpose of the paper is to estimate the structure
of an equilibrium model of growth through innovation. The model
is a modified version of the Schumpeterian theory of firm evolution
and growth developed by Klette and Kortum (2002). The data set
is a panel of Danish firms than includes information on value added,
employment, and wages. The model’s fit is good and the structural
parameter estimates have interesting implications for the aggregate
growth rate and the contribution of worker reallocation to it.
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1 Introduction

In their review article, Bertelsman and Doms (2000) draw three lessons from
empirical productivity studies based on longitudinal plant and firm data:
First, the extent of dispersion in productivity across production units, firms
or establishments, is large. Second, productivity rank of any unit in the
distribution is highly persistent. Third, a large fraction of aggregate produc-
tivity growth is the consequence of worker reallocation.
Although the explanations for productive firm heterogeneity are not fully

understood, economic principles suggest that its presence should induce worker
reallocation from less to more productive firms as well as from exiting to en-
tering firms. There is ample evidence that workers do flows from one firm to
another frequently. As Davis, Haltiwanger and Shuh (1996) and others docu-
ment, job and worker flows are large, persistent, and essentially idiosyncratic
in the U.S. Recently, Fallick and Fleischman (2001) and Stewart (2002) find
that job to job flows without a spell of unemployment in the U.S. represent
at least half of the separations and is growing. In their analysis of Danish
matched employer-employee IDA data, Frederiksen and Westergaard-Nelsen
(2002) report that the average establishment separation rate over the 1980-95
period was 26%. About two thirds of the outflow represents the movement
of workers from one firm to another.
In a companion paper, Lentz and Mortensen (2004), we develop a stochas-

tic general equilibrium model in which more profitable firm’s grow faster and
contribute more to the aggregate growth rate through product innovation.
The model is a variation on that proposed by Klette and Kortum (2004),
which itself builds on the endogenous growth model of Grossman and Help-
man (1991). By design, their model is consistent with stylized facts about
product innovation and its relationship to the dynamics of firm size evolu-
tion. We adopt the approach because it provides an explanation for the fact
that there is no correlation between labor force size and labor productivity
but a strong positive association between value added and labor productivity
in Danish firm data. Furthermore, the model provides a direct link between
worker reallocation and productivity growth.
The purpose of this paper is to fit our version of the model to Danish

firm data. Given the parameter estimates obtained, we explore the model’s
quantitative implications for the sources of aggregate productivity growth
and the relationship between the equilibrium and socially optimal rates of
growth. We find that the reallocation of workers from less to more productive
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surviving firms accounts for over 44% of productivity growth. We also show
that the equilibrium rate of growth implied by the model is substantially less
than that which is socially optimal. In the solution to the planner’s problem,
firms that can develop more profitable products invest more in R&D than
they do in equilibrium. As a consequence, reallocation among surviving firms
accounts for a larger share, 66%, of a larger growth rate.
In the model, firms are monopoly suppliers of differentiated intermediate

products that serve as inputs in the production of a final consumption good.
Better quality products are introduced from time to time as the outcome of
R&D investment by both existing firms and new entrants. As new products
displace old, the process of creative destruction induces the need to reallocate
workers across productive activities. In the version of the model estimated
here, product quality differs across firms. In our earlier paper, we established
the existence of a general equilibrium solution to the model. In this one, we
use the equilibrium relationships implied by the model and information drawn
from a Danish panel of firms to estimate the model’s parameters.

2 Danish Firm Data

Danish firm data provide information on productivity dispersion and the
relationships among productivity, employment, and sales. The available data
set is an annual panel of privately owned firms for the years 1992-1997 drawn
from the Danish Business Statistics Register. The sample of approximately
6,700 firms is restricted to those with 20 or more employees. The variables
observed in each year include value added (Y ), the total wage bill (W ), and
full-time equivalent employment (N). In this paper we use these relationships
to motivate the theoretical model studied. Both Y and W are measured in
Danish Kroner while N is a body count.
Non-parametric estimates of the distributions of two alternative measures

of a firm’s labor productivity are illustrated in Figure 1. The first measure
of firm productivity is value added per worker (Y/N) while the second is
valued added per unit of quality adjusted employment (Y/N∗). Standard
labor productivity misrepresents cross firm productivity differences to the
extent that labor quality differs across firms. However, if more productive
workers are compensated with higher pay, as would be true in a competitive
labor market, one can use a wage weighted index of employment to correct
for this source of cross firm differences in productive efficiency. Formally, the
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constructed quality adjusted employment of firm j is defined as N∗
j =Wj/w

where

w =

P
j WjP
j Nj

(1)

is the average wage paid per worker in the market. Although correcting for
wage differences across firms in this manner does reduced the spread and
skew of the implied productivity distribution somewhat, both distributions
have high variance and skew and are essentially the same general shape.

Figure 1: Productivity Distributions

Figure 2:

Both distributions are consistent with those found in other data sets. For
example, productivity distributions are significantly dispersed and skewed
to the right. In the case of the adjusted measure of productivity, the 5th
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percentile is roughly half the mode while the 95th percentile is approximately
twice as large are the mode. The range between the two represents a four
fold difference in value added per worker across firms. These facts are similar
to those reported by Bertelsman and Doms (2000) for the U.S.
There are many potential explanations for cross firm productivity dif-

ferentials. A comparison of the two distributions represented in Figures 1
suggests that differences in the quality of labor inputs does not seem to be
the essential one. The process of technology diffusion is a well documented.
Total factor productivity differences across firms can be expected as a con-
sequence of slow diffusion of new techniques. If technical improvements are
either factor neutral or capital augmenting, then one would expect that more
productive firms would acquire more labor and capital. The implied conse-
quence would seem to be a positive relationship between labor force size and
labor productivity. Interestingly, there is no correlation between the two in
Danish data.

Table 1: Productivity - Size Correlations
Employment (N) Adjusted Employment (N*) Value Added (Y)

Y/N 0.0331 0.1397 0.3944
Y/N* 0.0114 -0.0076 0.2618

The correlations between the two measures of labor productivity with the
two employment measures and sales as reflected in value added are reported
in Table 1. As documented in the table, the correlation between labor force
size and productivity using either the raw employment measure or the ad-
justed one is zero. However, note the strong positive associate between value
added and both measures of labor productivity. Non-parametric regressions
of value added and employment on the two productivity measures are illus-
trated in Figure 2. The top and bottom curves in the figures represent a 90%
confidence interval for the relationship. The positive relationships between
value added and both measure of labor productivity are highly significant.
The theory developed in this paper is motivated by these observations.

Specifically, it is a theory that postulates labor saving technical progress of a
specific form. Hence, the apparent fact that more productive firms produce
more with roughly the same labor input per unit of value added is consistent
with the model.
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Figure 3:

3 An EquilibriumModel of Creative Destruc-
tion

As is well known, firms come is an amazing range of shapes and sizes. This
fact cannot be ignored in any analysis of the relationship between firm size
and productivity. Furthermore, an adequate theory must account for entry,
exit and firm evolution in order to explain the size distributions observed.
Klette and Kortum (2004) construct a stochastic model of firm product in-
novation and growth that is consistent with stylized facts regarding the firm
size evolution and distribution. The model also has the property that tech-
nical progress is labor saving. For these reasons, we pursue their approach
in this paper.
Although Klette and Kortum allow for productive heterogeneity, firm
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productivity and growth are unrelated because costs and benefits of growth
are both proportional to firm productivity in their model. Allowing for a
positive relationship between firm growth and productivity is necessary for
consistency with the relationships found in the Danish firm data studied in
this paper.

3.1 Preferences and Technology

Intertemporal utility of the representative household at time t is given by

Ut =

Z ∞

t

lnCse
−ρ(s−t)ds (2)

where lnCt denotes the instantaneous utility of the single consumption good
at date t and ρ represents the pure rate of time discount. Each household
is free to borrow or lend at interest rate rt. Nominal household expenditure
at date t is Et = PtCt. Optimal consumption expenditure must solve the
differential equation Ė/E = rt − r. Following Grossman and Helpman
(1991), we choose the numeraire so that Et = 1 for all t without loss of
generality, which implies rt = r = ρ for all t. Note that this choice of the
numeraire also implies that price of the consumption good, Pt, falls over time
at a rate equal to the rate of growth in consumption.
The quantity of the consumption produced is determined by the quantity

and quality of the economy’s intermediate inputs. Specifically, there is a
unit continuum of inputs and consumption is determined by the production
function

lnCt =

Z 1

0

ln(At(j)xt(j))dj = lnAt +

Z 1

0

lnxt(j)dj (3)

where xt(j) is the quantity of input j ∈ [0, 1] at time t, At(j) is the produc-
tivity of input j at time t, and At represent aggregate productivity. The level
of productivity of each input and aggregate productivity are determined by
the number of technical improvements made in the past. Specifically,

At(j) = Π
Jt(j)
i=1 qi(j) and lnAt ≡

Z 1

0

lnAt(j)dj. (4)

where Jt(j) is the number of innovations made in input j up to date t and
qi(j) > 1 denotes the quantitative improvement (step size) in productivity
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attributable to the ith innovation in product j. Innovations arrive at rate δ
which is endogenous but the same for all intermediate products.
The model is constructed so that a steady state growth path exists with

the following properties: Consumption output grows at a constant rate while
the quantities of intermediate products and the endogenous innovation fre-
quency are stationary and identical across all intermediate goods. As a con-
sequence of the law of large numbers, the assumption that the number of
innovations to date is Poisson with arrival frequency δ for all intermediate
goods implies

lnCt = lnAt +

Z 1

0

lnx(j)dj =

Z 1

0

Jt(j)X
i=1

ln qi(j)dj +

Z 1

0

lnx(j)dj (5)

= E ln(q)δt+

Z 1

0

lnx(j)dj.

where EJt(j) = δt for all j is the expected number of innovations per in-
termediate product and E ln(q) ≡ R 1

0
1

Jt(j)

PJt(j)
i=1 ln qi(j)dj is the expected

quality step size. In other words, consumption grows at the rate of growth
in productivity which is the product of the creative-destruction rate and the
expected log of the size of an improvement in productivity induced by each
new innovation.

3.2 The Value of a Firm

Each individual firm is the monopoly supplier of the products it created in
the past that have survived to the present. The price charged for each is
limited by the ability of suppliers of previous versions to provide a substi-
tute. In Nash-Bertrand equilibrium, any innovator takes over the market for
its good type by setting the price just below that at which consumers are
indifferent between the higher quality product supplied by the innovator and
an alternative supplied by the last provider. The price charged is the product
of the relative quality and the previous producer’s marginal cost of produc-
tion. Given the symmetry of demands for the different good types and the
assumption that future quality improvements are independent of the type of
good, one can drop the good subscript without confusion. Given stationary
of quantities along the equilibrium growth path, the time subscript can be
dropped as well.
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Labor is the only factor in the production of intermediate inputs. Labor
productivity is the same across all inputs and is set equal to unity. Hence,
p = qw is the price in terms of the numeraire of every intermediate good
as well as the value of labor productivity where w, the wage, represents
the marginal cost of production of the previous supplier and q > 1 is the
step up in quality of the innovation. As total expenditure is normalized
at unity and there is a unit measure of product types, it follows that total
revenue per product type is also unity given the specification of preferences
and technology, i.e., px = 1. Hence, product output and employment are
both equal to

x =
1

p
=
1

wq
. (6)

and the gross profit associated with supplying the good is

1 > π = px− wx = 1− 1
q
> 0. (7)

The labor saving nature of improvements in intermediate input quality is
implicit in the fact that labor demand is decreasing in q.
Following Klette and Kortum (2002), the discrete number of products

supplied by a firm, denoted as k, is defined on the integers and its value
evolves over time as a birth-death process reflecting product creation and
destruction. In their interpretation, k reflects the firm’s past successes in the
product innovation process as well as current firm size. New products are
generated by R&D investment. The firm’s R&D investment flow generates
new product arrivals at frequency γk. The total R&D investment cost is
wc(γ)k where c(γ)k represents the labor input required in the research and
development process. The function c(γ) is assumed to be strictly increasing
and convex. According to the authors, the implied assumption that the total
cost of R&D investment is linearly homogenous in the new product arrival
rate and the number of existing product, "captures the idea that a firm’s
knowledge capital facilitates innovation." In any case, this cost structure is
needed to obtain firm growth rates that are independent of size as typically
observed in the data.
The market for any current product supplied by the firm is destroyed by

the creation of a new version by some other firm, which occurs at the rate δ.
Below we refer to γ as the firm’s creation rate and to δ as the common de-
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struction rate faced by all firms.1As product gross profit and product quality
are one-to-one, the profits earned on each product reflects a firm’s current
labor productivity. The firm chooses the creation rate γ to maximize the
expected present value of its future net profit flow conditional on information
that is relevant for predicting the quality of future innovations.
Firms differ with the respect to the quality of their products. Hence, each

type is characterized by profitability, π, as defined in equation (7). The value
of the firm of type π that currently markets k products is

rVk(π) = maxγ≥0

½
[π − wc(γ)] k + γk[E {Vk+1(π)}− Vk(π)]

+δk[Vk−1(π)− Vk(π)]

¾
. (8)

The first term on the right side is current gross profit flow accruing to the
firms product portfolio less current expenditure on R&D. The second term is
the expected capital gain associated with the arrival of a new product line.
Finally, the last term represents the expected capital loss associated with the
possibility that one among the existing product lines will be destroyed.
The unique solution to (8) is proportional to the number of product lines.

Formally,

Vk(π) = kmax
γ≥0

½
π − wc(γ)

r + δ − γ

¾
(9)

as one can verify by substitution. Consequently, any positive optimal choice
of the product creation rate for a type π firm must satisfy

wc0(γ(π)) = Vk+1 − Vk = max
γ≥0

½
π − wc(γ)

r + δ − γ

¾
. (10)

Hence, the second order condition, c00(γ) > 0, and the fact that the marginal
value of a product line is increasing in π imply that the a firm’s creation rate
increases with profitability.

3.3 Firm Entry and Labor Market Clearing

The entry of a new firm requires an innovation. Suppose that there are a
constant measurem of identical potential entrants. The rate at which any one
of them generates a new product is γ0 and the total cost is wc(γ0) where the

1These are in fact the continuous time job creation and job destruction rates respec-
tively as defined in Davis et al. (1996).
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cost function is the same as that faced by an incumbent. The firm’s type is
unknown ex ante but is realized immediately after entry. Since the expected
return to innovation is Eπ{V1} and the aggregate entry rate is η = mγ0, the
entry rate satisfies the following free entry condition

wc0
³ η

m

´
=

Z
π

V1(π)φ(π)dπ =

Z
π

max
γ≥0

½
π − wc(γ)

r + δ − γ

¾
φ(π)dπ (11)

where φ(π) is the density of entrant of type π and the second equality follows
from equation (10).
There is a fixed measure of available workers, denoted by L, seeking em-

ployment at any positive wage. In equilibrium, these are allocated across
production and R&D activities, those performed by both incumbent firms
and potential entrants. Since the number of workers employed for production
purposes per product of quality q is x = 1/wq = (1 − π)/w from equations
(6) and (7), the total number demanded for production activity by firms
of type π with k products is Lx(k, π) = k(1 − π)/w > 0. The number of
R&D workers employed by incumbent firms of type π with k products is
LR(k, π) = kc(γ(π)). Because each potential entrant innovates at frequency
η/m, the aggregate number of worker engaged by all m in R&D is LE =
mc(η/m). Hence, the equilibrium wage satisfies the labor market clearing
condition

L =

Z
π

∞X
k=1

[Lx(k, π) + LR(k, π)]Mk(π)dπ + LE (12)

=

Z
π

µ
1− π

w
+ c(γ(π))

¶ ∞X
k=1

kMk(π)dπ +mc(η/m).

3.4 The Steady State Distribution of Firm Size

Once a firm enters, its size as reflected in the number of product lines supplied
evolves as a birth-death process. As the set of firms with k products at a
point in time must either have had k products already and neither lost nor
gained another, have had k − 1 and innovated, or have had k + 1 and lost
one to destruction over any sufficiently short time period, the equality of the
flows into and out of the set of firms of type π with k > 1 products requires

γ(π)(k − 1)Mk−1(π) + δ(k + 1)Mk+1(π) = (γ + δ)kMk(π)
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for every π whereMk(π) is the steady state mass of firms of type π that supply
k products. Because an incumbent dies when its last product is destroyed
by assumption but entrants flow into the set of firms with a single product
at rate η,

φ(π)η + 2δM2(π) = (γ(π) + δ)M1(π)

where φ(π) is the fraction of the new entrants that realize profit π. Births
must equal deaths in steady state and only firms with one product are subject
to death risk. Therefore, φ(π)η = δM1(π) and

Mk(π) =
k − 1
k

γ(π)Mk−1 =
ηφ(π)

δk

µ
γ(π)

δ

¶k−1
(13)

by induction.
The size distribution of firms conditional on type can be derived using

equation (13). Specifically, the total firm mass of type π is

M(π) =
∞X
k=1

Mk(π) =
φ(π)η

δ

∞X
k=1

1

k

µ
γ(π)

δ

¶k−1
(14)

=
η

δ
ln

µ
δ

δ − γ(π)

¶
δφ(π)

γ(π)
.

where convergence requires that the aggregate rate of creative destruction
exceed the creation rate of every incumbent type, i.e., δ > γ(π) ∀π. Hence,
the fraction of type π firm with k product is

Mk(π)

M(π)
=

1
k

³
γ(π)
δ

´k
ln
³

δ
δ−γ(π)

´ . (15)

This is the logarithmic distribution with parameter γ(π)/δ.2Consistent with
the observations on firm size distributions, that implied by the model is
highly skewed to the right.
By equation (15), the mean of the firm size distribution conditional on

product profitability is

E{k|π} =
∞X
k=1

kMk(π)

M(π)
=

γ(π)
δ−γ(π)

ln
³

δ
δ−γ(π)

´ , (16)

2This result is in Klette and Kortum (1992). We include the derivation here simply for
completeness.
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As the product creation rate increases with profitability, expected size does
also. Formally, because (1 + a) ln(1 + a) > a > 0 for all positive values of a,
the expected number of product produced increasing in firm profitability is

∂E{k|π}
∂π

=

µ
(1 + a(π))ln(1 + a(π))− a(π)

(1 + a(π))ln2(1 + a(π))

¶
δγ0(π)

(δ − γ(π))2
> 0 (17)

where a(π) = γ(π)
δ−γ(π) .

Equation (17) implies that more profitable firms supply more products.
However, because innovation is labor saving in the sense that production
employment per product supplied decreases with profitability, total expected
employment, nEk where n = (1− π)/w + c(γ(π)), need not increase with π
in general and decreases with π if innovation is not related to profitability.
Hence, the hypothesis that firms with the ability to create products of better
quality grow faster is consistent with dispersion in labor productivity and
the correlations between value added, labor force size, and labor productivity
observed in Danish data reported above.
Finally, the rate of creative-destruction is the sum of the entry rate and

the aggregate creation rates of all the incumbents given that the total mass
of products is fixed. Because the new product arrival rate of a firm of type
π with k products is γ(π)k and the measure of such firms is Mk(π),

δ = η +

Z
π

γ(π)
∞X
k=1

kMk(π)dπ. (18)

3.5 Equilibrium

Definition A steady statemarket equilibrium is a triple composed of a labor
market clearing wage w, entry rate η, and creative destruction rate δ
together with an optimal creation rate γ(π) and a steady state size
distributionMk(π) for each type that satisfy equations (11), (12), (10),
(13), and (18) provided that γ(π) < δ, for every π in the support of
the entry distribution.

Proposition If the cost of innovation, c(γ), is strictly convex and c0(0) =
c(0) = 0, then a steady state market equilibrium with positive entry
exists. In the case of a single firm type, there is only one.
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Proof. See Lentz and Mortensen (2004).3

4 Estimation

If product quality is a permanent firm characteristic, then differences in firm
profitability are associated with differences in the product creation rates cho-
sen by firms. Specifically, more profitable firms grow faster, are more likely
to survive in the future, and supply a larger number of products on average.
Hence, a positive cross firm correlation between current gross profit per prod-
uct and sales volume should exist. Furthermore, worker reallocation from
slow growing firms that supply products of lesser quality to more profitable
fast growing firms will be an important sources of aggregate productivity
growth. On the other hand, if product quality is iid across innovations and
firms, all firms grow at the same rate even though persistent differences in
profitability exist as a consequence of different realizations of product quality
histories.
In this section, we demonstrate that firm specific differences in prof-

itability are required to explain Danish interfirm relationships between value
added, employment, and wages paid. In the process of fitting the model to the
data, we also obtain estimates of the investment cost of innovation function
that all firms face as well as the sampling distribution of firm productivity
at entry.

4.1 Danish Firm Data

If more productive firm’s grow faster in the sense that γ0(π) > 0, then (17)
implies that more productive firms also supply more products and sell more
on average. However, because production employment per product decreases
with productivity, total expected employment, nEk where n = (1− π)/w +
c(γ(π)), need not increase with π in general and decreases with π when
growth is independent of a firm’s past product quality realizations. These
implications of the theory can be tested directly.
The model is estimated on an unbalanced panel of 4,872 firms drawn from

the Danish firm panel described in Section 2. The panel is constructed by
selecting all existing firms in 1992 with more than 20 workers and following

3Although the cost of entry is linear in the paper cited while the cost is convex here,
the principal arguments hold in this case.
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Table 1: Data Moments (std dev in parenthesis)
1992 1997 1992 1997
4,872.00 3,628.00 364.36 410.61Survivors

- (32.14)
E
£
Y
N∗
¤

(2.74) (4.85)

26,277.26 31,860.85 193.40 290.11
E [Y ]

(747.32) (1,031.62)
Std

£
Y
N∗
¤

(18.13) (40.86)

13,471.00 16,432.10 0.48 0.55
Med [Y ]

(211.68) (330.11)
Cor

h
Y
N∗ ,

Y+1
N∗+1

i
(0.09) (0.09)

13,294.48 15,705.09 -0.23 -0.19
E [W ]

(457.68) (609.63)
Cor

£
Y
N∗ ,∆

Y
N∗
¤

(0.10) (0.06)

7,229.70 8,670.28 0.85 0.86
Med [W ]

(92.75) (155.84)
Cor [Y,W ]

(0.04) (0.05)

52,798.52 64,129.07 0.20 0.14
Std [Y ]

(5,679.64) (7,757.99)
Cor

£
Y
N∗ , Y

¤
(0.04) (0.04)

30,616.94 35,560.60 -0.02 -0.03
Std [W ]

(6,778.09) (8,157.15)
Cor

£
Y
N∗ , N

∗¤
(0.01) (0.01)

them through time, while all firms that enter the sample in the subsequent
years are excluded. In the estimation, the observed 1992 cross-section will
be interpreted to reflect steady state whereas the following years generally
do not reflect steady state since survival probabilities vary across firm types.
Specifically, the observed cross-sections from 1993 to 1997 will have an in-
creasing over-representation of high creation rate firm types relative to steady
state due to selection. The sampling choice is partly driven by data limita-
tions but is also useful in identifying dynamic features of the model. Table 1
presents a number of data moments with standard deviations in parenthesis.
The standard deviations are obtained by bootstrapping. Nominal amounts
are in 1,000 DKK.

4.2 Model Estimator

An observation in the panel is given by ψit = (Yit,Wit, N
∗
it), where Yit is real

value added, Wit the real wage sum, and N∗
it quality adjusted labor force
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size of firm i in year t. Let ψi be defined by, ψi =
¡
ψi1,...,ψiT

¢
and finally,

ψ = (ψ1, . . . , ψI)
The model is estimated by use of a simulated minimum distance estimator

as described in for example Gourieroux, Monfort, and Renault (1993), Hall
and Rust (2003), and Alvarez, Browning, and Ejrnæs (2001). First, define
a vector of data moments, Γ (ψ). The vector consists of all the moments in
Table 1 except the number of survivors in 1992. Thus, Γ (ψ) consists of 27
moments.4

Second, ψs (ω) is simulated from the model for a given set of model
parameters ω. The model simulation is initialized by assuming that the
economy is in steady state in the first year and consequently that firm ob-
servations are distributed according to the ω-implied steady state distri-
bution. Alternatively, one can initialize the simulation according to the
observed data in the first year, (ψ11, . . . , ψ1I). The assumption that the
economy is initially in steady state provides additional identification in that
(ψ11, . . . , ψ1I) can be compared to the model-implied steady state distribu-
tion (ψs

11 (ω) , . . . , ψ
s
1I (ω)). The simulated moments are then given by,

Γs (ω) =
1

S

SX
s=1

Γ (ψs (ω)) ,

where S is the number of simulation repetitions.
The estimator is then the choice of parameters that minimizes the weighted

distance between the data moments and the simulated moments,

ω̂ = argmin
ω∈Ω

¡
Γs (ω)− Γ (ψ)

¢0
A−1

¡
Γs (ω)− Γ (ψ)

¢
,

where A is some positive definite matrix. If A is the identity matrix, ω̂
is the equally weighted minimum distance estimator (EWMD). If A is the
covariance matrix of the data moments Γ (ψ), ω̂ is the optimal minimum
distance estimator (OMD). The OMD estimator is asymptotically more ef-
ficient than the EWMD estimator. However, Altonji and Segal (1996) show
that the estimate of A as the second moment matrix of Γ (·) may suffer from
serious small sample bias. Horowitz (1998) suggest an alternative estima-
tor of A based on bootstrap methods. The estimation in this paper adopts
Horowitz’s estimator of the covariance matrix A.

4The term “moment” is used loosely here. One can alternatively describe Γ as contain-
ing a set of auxiliary parameters as in Gourieroux et al. (1993) where the proxy model
that generates the auxiliary parameters is then quite simplistic.
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4.3 Model Simulation

To fit the data, the model simulation produces time paths for value added
(Y ), the wage sum (W ), and labor force size (N) for I firms. The estimation
introduces a stochastic demand realization for each of a firm’s products, Z̃.
Thus, the demand for product j is given by xj = Z̃/pj. The random variable,
Z̃, is iid across products and time and is assumed to follow a log-normal
distribution,

Z̃ = exp
³
ξ̃σz + µz

´
where ξ̃ ∼ N (0, 1) . (19)

Denote the expected value of eZ as E{Z̃} = Z.
To properly capture the labor share in the data, a capital cost κ ≡ K/Z

is added to the model where K is the capital associated with the pro-
duction of a given product and κ is the capital cost relative to average
product expenditure. This modifies the pricing of the intermediary goods.
Now, providing an intermediary good at price p yields expected operational
profits, Z (1− w/p− κ). Thus, the price of intermediary good j is, p =
qw/ (1− κ) since consumers are exactly indifferent between buying from the
quality leader at this price and the from the immediate follower at price
p = w/ (1− κ) , which is as low as the follower is willing to go. The inclusion
of a non-labor cost then modifies the definition of production profits, π, as
defined in (7). The more general definition that allows for non-labor cost is
given by,

π = (1− κ) (1− q−1), (20)

which is identical to (7) if κ = 0.
The quality of each new innovation (and thereby the profit associated with

it) is a stochastic realization drawn from a distribution which is contingent
on the firm’s type. Specifically, the profit of any particular innovation is
assumed to satisfy

eπ = (1− κ) (1− eq−1), where eq = 1 + exp (ξσeπ + µeπ(π)) and ξ ∼ N (0, 1) .
(21)

where the mean E{eπ|π} = π represents the firm’s profitability type, the
determinant of its creation rate. Each firm’s type is itself a random variable
realized after entry. We assume that the steady state distribution profit
distribution, denoted as p(π), is characterized by

π = (1− κ) (1− q−1), where q = 1+ exp (zσπ + µπ) and z ∼ N (0, 1) (22)
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where in both (21) and (22) N(0, 1) represents the standard normal distrib-
ution. For future reference,

p(π) ≡ M(π)R
π
M(π)dπ

(23)

where M(π), the steady state mass of firms of type, is given by equation
(14).
Denote by Πk = (π1, . . . , πk) the quality realizations of a firm’s k prod-

ucts. The value added of a type π firm with k products characterized by Πk

is given by,

Yk
¡
Πk, π

¢
=

kX
i=1

Zi, (24)

where each product demand realization Zi is drawn according to (19). The
wage bill is given by,

Wk

¡
Πk, π

¢
=

kX
i=1

Zi

¡
1− κ− πi

¢
+ kZwc̃

¡
γ(π)

¢
, (25)

where bc (γ) = c (γ) /Z.
Lentz and Mortensen (2004) analyze the firm’s creation rate choice in

the general case where product quality is a stochastic process. Because the
value of the next product is linear in profit and the profit realizations across
products are iid for each firm, the optimal choice of creation rate for a firm
of type π solves,

γ (π) = argmin
γ

E{eπ}− wbc (γ)
r + δ − γ

= argmin
γ

π − wbc (γ)
r + δ − γ

(26)

as in the deterministic case sketch above. Specify the cost function as bc (γ) =
c0γ

1+c1. Then, the first order condition for the optimal creation rate choice
is,

w (1 + c1) c0γ
c1 (r + δ − γ) = π − wc0γ

1+c1. (27)

Equations (24) and (25) provide the foundation for the model simulation.
It then remains to simulate product paths for all firms. The simulation
is initialized by the assumption of steady state. By (15), the steady state
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product size distribution conditional on survival is given by,

Pr (k∗ = k|π) = Mk(π)

M(π)
=

1
k

³
γ(π)
δ

´k
ln
³

δ
δ−γ(π)

´ . (28)

First, a firm’s type, π, is determined according to (22). Then, the initial
product size of a firm (k1) is determined following (28).
With a given initial product size , simulation of the subsequent time path

requires knowledge of the transition probability function Pr (k2 = k|k1, π).
Denote by pπ,n (t) the probability of a type π firm having product size n at
time t. As shown in Klette and Kortum (2004), pπ,n (t) evolves according to
the ordinary differential equation system,

ṗπ,n (t) = (n− 1) γ (π) pπ,n−1 (t) + (n+ 1) δpπ,n+1 (t)− (δ + γ (π)) pπ,n (t) , ∀n ≥ 1
ṗπ,0 (t) = δpπ,1 (t) .

(29)
Hence, with the initial condition,

pπ,n (0) =

½
1 if n = k1
0 otherwise.

(30)

one can determine Pr (k2 = k|k1, π) by solving the differential equation sys-
tem in (29) for pπ,k (1). Solving for pπ,k (1) involves setting an upper reflective
barrier to bound the differential equation system. It has been set sufficiently
high so as to avoid biasing the transition probabilities. Based on the transi-
tion probabilities Pr (kt+1 = k|kt, π) one can then iteratively simulate product
size paths for each firm. The procedure correctly captures the evolution of
kt but it does not identify the exact evolution of Πkt . The evolution of Πkt

is assumed to follow the net change in products.5

Finally, the simulation allows for an exogenous growth factor in both value
added and the wage bill, denoted as bg, that is independent of the endogenous
quality improvements produced by incumbents and entrants.

5Suppose firm i is simulated to loose 1 product in a given year. In this case, Πkit is
updated by randomly eliminating one element from it. This assumes that the net loss of
1 product took place by the gross destruction of 1 product and zero gross creation. This
is the most likely event by which the firm loses 1 product. However, the net loss could
also come about by the gross destruction of 2 products and gross creation of 1 product
during the year. In this case, Πkit should be updated by randomly eliminating 2 elements
and adding 1. There are in principle an infinite number of ways that the firm can loose
1 product over the year. The estimation consequently over-estimates the persistency of
Πkit . The bias will go to zero as the period length is reduced, though.
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Table 2: Model Parameter Estimates

Point Estimates Inferred Estimates
c0 422.829 η 0.036
c1 4.537 m 0.619
κ 0.369 M 0.568
Z 13,856.662 L 41.021
δ 0.095 γ̄ 0.059
σ2z 0.900 w 181.77
σ2eπ 2.011
µπ -2.075
σ2π 2.076bg 0.014

4.4 Identification

The set of model parameters to be identified (ω) is given by,

ω =
©
c0, c1, δ, κ, Z, σ

2
z, σ

2eπ, σ2π, µπ, bgª ∈ Ω,

where Ω is the feasible set of model parameters choices. The interest rate will
be set at r = .05. The wage w is immediately identified as the average worker
wage in the sample w = 181.77. Experimentation with non-parametric iden-
tification of the firm type distribution has been performed with a distribu-
tion with 4 support points. Because the results showed little sensitivity in
the remaining model parameters to this alternative specification, we report
only those parameters obtained given the assumed parametric distribution
of types.

4.5 Estimation Results

The model parameter estimates are given in table 2.
Table 3 produces a comparison of the data moments and the simulated

moments associated with the model parameter estimates.
The estimated model does well in fitting the labor productivity distribu-

tion and the correlations between productivity and firm size. These relation-
ships are also shown in Figure 4. The model over-estimates the persistence
in labor productivity and the mean reversion over time in labor productiv-
ity. The model seems to face a trade-off on this dimension. It can reduce
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Table 3: Data Moments (top row) and Simulated Moments (bottom row)
1992 1997 1992 1997
4,872.00 3,628.00 364.36 410.61Survivors
4,872.00 3,631.11

E
£
Y
N∗
¤

368.46 400.28

26,277.26 31,860.85 193.40 290.11
E [Y ]

24,352.57 29,424.92
Std

£
Y
N∗
¤

213.71 232.99

13,471.00 16,432.10 0.48 0.55
Med [Y ]

13,462.73 16,488.22
Cor

h
Y
N∗ ,

Y+1
N∗+1

i
0.69 0.69

13,294.48 15,705.09 -0.23 -0.19
E [W ]

12,216.06 14,485.07
Cor

£
Y
N∗ ,∆

Y
N∗
¤

-0.37 -0.36

7,229.70 8,670.28 0.85 0.86
Med [W ]

7,163.16 8,675.06
Cor [Y,W ]

0.90 0.89

52,798.52 64,129.07 0.20 0.14
Std [Y ]

35,572.63 42,219.59
Cor

£
Y
N∗ , Y

¤
0.19 0.20

30,616.94 35,560.60 -0.02 -0.03
Std [W ]

15,192.27 17,519.39
Cor

£
Y
N∗ , N

∗¤
-0.02 -0.02

the labor productivity persistence but in doing so, the mean reversion is
increased even further. The estimated model does not quite replicate the
thickness of the very right tail of the firm size distribution and consequently
it under-estimates the variance in value added and the wage bill. Notice
that the model successfully captures the right shift of the Y and W distri-
butions from 1992 to 1997. This is partly a result of a positive exogenous
growth estimate. But more importantly the estimated right shift is caused
by a positive correlation between value added and survival probability that
stems from firm type heterogeneity. Large firms in 1992 are on average also
higher creation rate types and they face less net destruction over time than
the small firms. If all firms faced the same net destruction rate, the Y and
W distributions should shift to the left over time.
Given the steady state equilibrium definition, one can infer the overall

entry rate, η, and the measure of potential entrant, m.6 The implied values
of these parameters are also reported in Table 2. The average incumbent

6The formulas used to make the calculations are presened in the appendix.
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Figure 4: Firm Productivity and Size, 1992 (Data and Simulation).

creation rate, γ̄, is simply the difference between the entry rate and the
destruction rate. It is seen that the estimates imply that roughly one third
of all innovation comes from entrants. Given the estimated steady state
distribution of firms, p(π), and the other parameters of the model, one can
also infer the ex ante type distribution, φ (π). The two distributions are
shown in Figure 5 along with the incumbent creation rate choice conditional
on firm type. It is clear from the figure that the higher quality type firms
choose higher creation rates and consequently grow faster. Therefore, those
with higher products will make up a large relative fraction of firms in steady
state relative to the distribution of types at entry. The consequences of this
fact for aggregate growth are explored more fully in the next section.
The estimation is performed given the assumption that the true firm

population of interest coincides with the size censoring in the data. That
is, the estimation does not correct for size censoring bias. While this is
obviously a strong assumption, it does on the other hand seem reasonable
to argue that the large number of single person firms in the economy are
qualitatively different from the firms in this analysis and not just firms with
less products.
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Figure 5: Creation Rate Choice and Firm Type Distributions.

The estimation can be disaggregated to a single digit industry level. Fu-
ture versions of the paper will include such estimations. Data moments by
industry have turned out to be qualitatively similar to the data moments
for the entire economy. Consequently, it is not likely that the fundamental
estimation results will be sensitive to industry disaggregation.
As is generally the case, the estimation is sensitive to the choice of data

moments. Currently, the estimation has focused on capturing the cross-
section moments primarily. Future work will include a larger set of dynamic
moments. It should be noted though that since the estimation is performed
on cross-section moments not just in 1992 but also in 1997 and because of the
specific sampling procedure in the data, the estimation does implicitly ad-
dress dynamic features of the model as well. The trends in the moments over
time are interpreted as a result of systematic selection bias due to creation
rate heterogeneity across types.
At a theoretical level, the model satisfies Gibrat’s law; for identical type

firms, the creation rate is size independent. However, due to selection, larger
firms will tend to over-represent higher creation rate types and this effect
should tend to imply a positive relationship between size and growth rate.
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The mean reversion in demand and to a smaller extend in supply shocks
introduces an opposite effect, though; the group of small firms today will tend
to over-represent firms with adverse demand shocks. Chances are that the
demand realizations in the next period will reverse the fortunes of these firms
and they will experience relatively large growth rates. Large firms have many
products and experience less overall demand variance. The latter effect turns
out to dominate in the estimated model. The estimated correlation between
firm size and growth rate is roughly −0.2. The corresponding correlation in
the data is −0.1.

5 Reallocation and Growth

If more profitable firms grow faster, then workers move from less to more
profitable surviving firms as well as from exiting to entering firms. This
selection effect can be demonstrated by noting that more profitable firms
are over represented (relative to their fraction at entry) among those that
produce more than one product and that this "selection bias" increases with
the number of products produced. Namely, by equation (13), the difference
between the relative fraction of a given firm type in the surviving population
with k products and relative the fraction in its entry cohort,

Mk(π
0)

Mk(π)
− φ(π0)

φ(π)
=

φ(π0)
φ(π)

"µ
γ(π0)
γ(π)

¶k−1
− 1
#
, (31)

is positive and increasing in k when π0 > π.
From equation (5), the equilibrium rate of growth in consumption is

Ċ

C
= g = δE ln q

= δ

µZ
π

ln (q(π))
ηφ(π)dπ

δ
+

Z
π

ln (q(π))
γ(π)

P∞
k=1 kMk(π)dπ

δ

¶
= η

Z
π

ln q(π)φ(π)dπ +

Z
π

γ(π) ln q(π)
∞X
k=1

kMk(π)dπ

where q(π) = 1/(1− π) is the quality of the products of a type π firm and δ
is the aggregate rate of creative destruction as defined in equation (18). The
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decomposition of the rate of productivity growth,

g = η

Z
π

ln q(π)φ(π)dπ +

Z
π

γ(π) ln q(π)φ(π)dπ (32)

+

Z
π

γ(π) ln q(π)

·
η

δ − γ(π)
− 1
¸
φ(π)dπ

where ηφ(π)
δ−γ(π) =

P∞
k=1 kMk(π) from equation (13), highlights the role of worker

reallocation from exiting to entering firms as well as from less to more pro-
ductive firms as sources of productivity growth. The first term is the net
effect of entry and exist on productivity growth. The second term is the con-
tribution of continuing firms to growth given no firm size selection. Finally,
the last term represents the contribution of firm size selection that induces
by worker reallocation among surviving firms that continually takes place as
a consequence of the creative destruction process.
Since the total measure of products is unity

¡R
π

P∞
k=1 kMk(π)dπ = 1

¢
and

φ(π)dπ is the fraction of entrants of type π,
¡R

π
φ(π)dπ = 1

¢
, it follows that

0 =

Z
π

" ∞X
k=1

kMk(π)− φ(π)

#
dπ =

Z
π

µ
η

δ − γ(π)
− 1
¶
φ(π)dπ.

Hence, the fact that γ(π) is strictly increasing in π implies that the contri-
bution to growth of the reallocation of workers among continuing firms, the
last term in (32), is positive. Equivalently, it is positive because γ(π) ln q(π)
is strictly increasing in π and the steady state distribution of types stochas-
tically dominates the distribution of types at entry as a consequence of the
firm size selection process.
Given the parameter estimates reported in the previous section, the im-

plied aggregate growth rate and its components are

Growth Rate: g = 3.39 percent per year. (33)

Net Entry: η

Z
π

ln q(π)φ(π)dπ = 0.66.

Continuing :
Z
π

γ(π) ln q(π)φ(π)dπ = 1.25.

Reallocation:
Z
π

γ(π) ln q(π)

" ∞X
k=1

kMk(π)− φ(π)

#
dπ = 1.47.

25



These calculations raise several interesting issues. First, they imply an over
all growth rate in productivity somewhat larger than the standard measures.
This fact provides indirect support for arguments that the measurement
methodologies currently in use fail to fully separate quality improvements
from price increases.7 In addition, the estimates imply that worker realloca-
tion from both exiting to entering firms and among surviving firms account
for 19.5% and 45.5% respectively of the aggregate rate of growth. These
numbers suggest a very important role to both forms of reallocation.

6 The Planner’s Problem

The market equilibrium solution need not be socially optimal for at least
three reasons. First, the providers of intermediate inputs have monopoly
power and use it to set the price above the marginal cost of production. Sec-
ond, by replacing an existing product, an innovation has a negative external
effect on existing firms. Finally, because each quality improvement builds
on those of previous products, innovation has a positive "spill over" effect
on future productivity. The net deviation of the equilibrium growth rate
from that which is socially optimal is unclear. One of the contributions of
a quantitative equilibrium model is its ability to reflect light on which effect
dominates.
Firm types are characterized by the profitability of their products, π.

The density of type π firms at entry is φ(π). The mass of firm’s of type
π that produce k products, denoted Mk(π), is a state variable as well as
the aggregate productivity parameter, A. The problem is to choose times
paths for the production rate, {xt(π)}, and the rate of new product creation,
{γt(π)}, for each firm type, the aggregate rate of firm entry ηt, and the rate
of creative destruction δt to maximize the present discounted utility of the
representative household’s consumption subject to the creation-destruction
identity, the labor resource constraint, and the laws of motion for the state
variables. Specifically, the planner’s strategy maximizesZ ∞

0

lnCte
−rtdt =

Z ∞

0

"
lnAt +

X
π

lnxt(π)
∞X
k=1

kMks(π)e
−rt
#
dt

7In the U.S., this argument is fully articulated in Boskin et al. (1996).
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subject to the constraints that product creation is equal to destruction,

δ = η +

Z
π

γ(π)
∞X
k=1

kMk(π)dπ,

that employment does not exceed the available supply,Z
π

[x(π) + c(γ(π))]
∞X
k=1

kMk(π)dπ +mc
³ η

m

´
≤ L

and the laws of motion of aggregate productivity

d lnA

dt
= g = η

Z
π

lnπ(q)φ(π)dπ +

Z
π

γ(π) ln q(π)
∞X
k=1

kMk(π)dπ,

and the distribution of products across types and size of firm characterized
by

Ṁk(π) = γ(π)(k − 1)Mk−1(π) + δ(k + 1)Mk+1(π)− (γ(π) + δ)kMk(π), k > 1

and
Ṁ1(π) = φ(π)η + 2δM2(π)− (γ(q) + δ)M1(π)

for every value of π in the support of the distribution at entry. The last two
equations reflect the fact that only firms with k − 1 products that create
another and firms with k + 1 products that loose one flow into the set of
firms with k products in any instant while those with k products that either
acquire another or loose one exit from the set and that new firms enter with
a single product.
It is convenient to let µk(π) = kMk(π) represent the fraction of all firms

that are of both type π and supply k products. From the equations above,
it follows that

µ̇k(π) =
£
γ(π)µk−1(π) + δµk+1(π)− (γ(π) + δ)µk(π)

¤
k

µ̇1(π) = φ(π)η + δµ2(π)− (γ(π) + δ)µ1(π).
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The present value Hamiltonian for the problem can be written as

H = lnA+

Z
π

lnxt(π)
∞X
k=1

µk(π)dπ (34)

+ω

Ã
L−

Z
π

[x(π) + c(γ(π))]
∞X
k=1

µk(π)dπ −mc
³ η

m

´!

+θ

Ã
δ − η −

Z
π

γ(π)
∞X
k=1

µk(π)dπ

!

+λ

Ã
η

Z
π

ln q(v)φ(π)dπ +

Z
π

γ(π) ln q(π)
∞X
k=1

µk(π)dπ

!

+

Z
π

∞X
k=2

kνk(π)
£
γ(π)µk−1(π)dπ + δµk+1(π)− (γ(π) + δ)µk(π)

¤
dπ

+

Z
π

[ν1(π)φ(π)η + δµ2(π)− (γ(π) + δ)µ1(π)] dπ

where ω and θ are multipliers associated respectively with the labor supply
constraint and the definition of the rate of creative destruction while λ is
the shadow price of the state variable lnA and vk(π) is the shadow price
associated with µk(π).
A solution with positive entry (η > 0) requires

∂H

∂x(π)
=

µ
1

x(π)
− ω

¶ ∞X
k=1

µk(π) = 0 ∀π

∂H

∂γ(π)
=

µ
[λ ln q(π)− θ − ωc0(γ(π))]

P∞
k=1 µk(π)

+
P∞

k=1 [νk+1(π)(k + 1)− vk(π)k]µk(π)

¶
= 0 ∀π

∂H

∂η
= λ

X
π

ln q(π)φ(π)− θ − ω

h
+
X
π

ν1(π)φ(π) = 0

∂H

∂δ
= θ +

X
π

" ∞X
k=2

kνk(π)
£
(µk+1(π)− µk(π)

¤
+ ν1(π) (µ2(π)− µ1(π))

#

= θ −
X
π

∞X
k=1

[kvk(π)− (k − 1)νk−1(π)]µk(π) = 0
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and the co-state (Euler) equations are

∂H

∂ lnA
= 1 = rλ− λ̇.

∂H

∂µk(π)
= lnx(π)− ω [x(π) + c(γ(π))]− θγ(π) + λγ(π) ln q(π)

+γ(π) [(k + 1)νk+1(π)− kvk(π)]− δ [kvk(π)− (k − 1)νk−1(π)]
= r vk(π)− v̇k(π) ∀π.

By substitution it follows that any solution has the property that v(q) =
vk(q) for all k. Namely, v(q), the shadow value of any intermediate good
created by a firm of type π, does not depend on the number of product
supplied. Hence, one can rewrite the necessary conditions for a solution as

1 = ωx(π),∀π.
ωc0(γ(π)) = v(π)− θ + λ ln q(π), ∀π.
ωc0
³ η

m

´
=

Z
π

[v(π)− θ + λ ln q(π)]φ(π)dπ.

θ =

Z
π

v(π)
∞X
k=1

µk(π)dπ.

1 = rλ− λ̇.

rv(π)− v̇(π) = lnx(π)− ω [x(π) + c(γ(π))]− θγ(π)

+λγ(π) ln q(π) + γ(π)v(π)− δv(π), ∀π.
As efficiency requires that the marginal utility of each good should equal

its marginal cost of production, the first equation implies that the amount
produced of each product should be equal given our specification of the util-
ity and production functions and the assumption that all require the same
labor input to produce. Equilibrium production violates this condition. In-
deed, because x(π) = 1/wq(π) in equilibrium, higher quality intermediate
inputs are under produced. The second conditions requires that the mar-
ginal cost of investing in a new product equal the expected shadow value a
new product after appropriate account is taken of spill overs and externali-
ties. The negative externality implicit in the innovation process is captured
by the shadow price of the creative-destruction identity, θ, while the positive
spill over associated with the fact that each new product contributes to the
productivity of the next is captured by the shadow value of its contribution
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to the aggregate productivity parameter, the product λ ln q(π). The third
equation requires that the marginal cost of an innovation by an entrant must
equal the expected shadow price of its product. The fourth reflects the fact
that the shadow price of product destruction is equal the expected value of
the existing set of products. The last two Euler equations define the shadow
prices as the expected present value of the future returns to an unit addition
to log of the level of productivity and to the stock of products of type π
respectively.
In steady state

λ =
1

r
(35)

v(π) =
lnx(π)− 1 + ωγ(π)c0(γ(π))− ωc(γ(π))

r + δ
,

∞X
k=1

µk(π) =
ηφ(π)

δ − γ(π)
.

Because the total number of intermediate products is of unit measure,

X
π

∞X
k=1

µk(π) = 1,

the steady state solution to the planner’s problem solves

ωc0(γ(π)) =
1

r
ln q(π) + v(π)−

X
z

v(z)
ηφ(z)

δ − γ(z)
(36)

where v(π) =
ln(1/ω)− 1 + ωγ(π)c0(γ(π))− ωc(γ(π))

r + δ
, ∀π.

c0
³ η

m

´
=

Z
π

c0(γ(π))φ(π)dπ.

1 = η

Z
π

φ(π)dπ

δ − γ(π)
.

L =
1

ω
+

Z
π

c(γ(π))
ηφ(π)dπ

δ − γ(π)
+mc

³ η

m

´
.

It is impossible to characterize the relationship between the optimal growth
rate and that obtained in equilibrium in general qualitative terms. However,
given the estimated model and the equilibrium conditions, one can compute
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the components of the optimal growth rate and compare them the equilib-
rium values reported in equation (33). The results are

Growth Rate: g = 5.71 percent per year (37)

Net Entry: η

Z
π

ln q(π)φ(π)dπ = 0.68

Continuing :
Z
π

γ(π) ln q(π)φ(π)dπ = 1.28

Reallocation:
Z
π

γ(π) ln q(π)

" ∞X
k=1

kMk(π)− φ(π)

#
dπ = 3.75 .

A comparison of these results with those of (33) suggest that the equi-
librium growth rate is substantially less than that which is socially optimal.
Indeed the difference is 5.71 - 3.39 = 2.32 percent per year. Although the
optimal entry rate and the creative-destruction rates are larger (η = 0.0391
and δ = 0.1124 respectively) than their corresponding equilibrium values,
the larger role of reallocation in the solution to the social planner’s problem
accounts for virtually all the difference in the two growth rates. Figure 6,
which illustrates both the equilibrium and the socially optimal creation rate
functions, provides an visual explanation for the difference. Namely, the op-
timal creation rate function is greater than and more steeply sloped than the
equilibrium. By implication, more profitable firm types should be growing
faster. If they were to do so, then firms that developed higher quality prod-
ucts would account for a larger fraction of the steady state distribution of
firms and, consequently, would contribute more to aggregate growth.

7 Concluding Remarks

Large and persistent differences in firm productivity and firm size exist. Ev-
idence suggests that the reallocation of workers across firms and establish-
ments is an important source of aggregate economic growth. In earlier
paper, we explore a variant of the equilibrium Schumpeterian model of firm
size evolution developed by Klette and Kortum (2002) that provided insights
into these and other empirical regularities. In our version of the model,
firms that can develop more profitable intermediate products of higher qual-
ity grow larger at the expense of less profitable firms though a process of
creative destruction. The worker reallocation from less to more profitable
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Figure 6: The Equilibrium (γ(π)) and Optimal (γopt(π)) Creation Rate
Functions
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firms induced by the process contributes to aggregate productivity growth.
Furthermore, the model is consistent with the observation that there is no
correlation between employment size and labor productivity and a positive
correlation between value added and labor productivity observed in Danish
firm data.
In this paper, we take the model to the data. Namely, we fit its structure

to Danish firm panel data for the 1992-1997 time period. We find that the
parameter estimates are sensible and that the model provides a reasonable
fit to many of the moments of the joint distribution of size as measured
by value added and employment. The model also explains the evolution of
size distribution of firms in the panel over the observation period. Finally,
the quantitative model has interesting aggregate implications for the growth
process. First, the implied rate of productivity growth, 3.39% per year, is
larger than estimates based on standard accounting methods. We suggest
that this fact may support the claim that inflation rates are over stated
because product quality improvement is not fully taken into account. Second,
the quantitative model implies that the optimal rate of growth, that which a
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social planner would achieve, is substantially higher, 5.71%. The difference
is almost entirely explained by the fact that the social planner would require
that firm able to make better product invest more in R&D than then they do
in the estimated equilibrium. Indeed, as a consequence the reallocation from
less to more profitable continuing firms accounts for 65.6% of the socially
optimal growth rate but only 43.5% of the equilibrium growth rate.

8 Appendix

In this section, we present the algorithm used to compute the values of model
parameters implied by the estimates and the equilibrium and optimal growth
rates, all reported in the text. To do so, one must account for the two
parameters not explicitly used in the initial presentation of the model, the
average demand per product, Z, which was normalized to unity in the model,
and the cost of capital per product line, denoted κZ. Hence, profit per
product line can be represented as πZ for a firm of type π where

π = (1− κ)(1− q−1) (38)

is now profit express as a fraction of value average sales.
Since the parametric form of the steady state distribution of firms over

profit, denoted p(π) in the text, is specified in the model estimated, one
needs to derive its relationship to the initial density of entering firms over
profit, φ(π), by inverting the steady state relationship implied by the model.
Specifically,

p (π) =M (π) /M

where M(π) is the steady state mass of firms of type π and M =
R
π
M(π)dπ

is the total mass of firms. Since

M (π) =
∞X
k=1

Mk(π) = ln

µ
δ

δ − γ(π)

¶
ηφ(π)

γ(π)

from equation (13), it follows that

ηφ(π) =
γ(π)M (π)

ln
³

δ
δ−γ(π)

´ = γ(π)p (π)M

ln
³

δ
δ−γ(π)

´ ,
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At this stage, the aggregate entry rate η and the total mass of firms M have
yet to be separately identified. But by

R
π
φ (π) dπ = 1, it follows that,

η = η

Z
π

φ(π)dπ =M

Z
π

γ(π)p (π)

ln
³

δ
δ−γ(π)

´dπ. (39)

Consequently, the profit density at entry is

φ(π) =

γ(π)p(π)

ln( δ
δ−γ(π))R

x
γ(x)p(x)

ln( δ
δ−γ(x))

dx
. (40)

Equation (15) and the assumption that the measure of products is unity, the
steady state measure of continuing firms in the market solves

1 =

Z
π

∞X
k=1

kMk(π)dπ =

Z
π

M (π)
∞X
k=1

kMk(π)

M (π)
dπ (41)

=

Z
π

γ(π)M (π)

(δ − γ(π)) ln
³

δ
δ−γ(π)

´dπ =M

Z
π

γ(π)p (π)

(δ − γ(π)) ln
³

δ
δ−γ(π)

´dπ.
Hence,

η =

R
π

γ(π)p(π)

ln( δ
δ−γ(π))

dπR
π

γ(π)p(π)

(δ−γ(π)) ln( δ
δ−γ(π))

dπ
. (42)

from by equations (39) and (41).
To solve the planner’s problem, one also needs the size of the aggregate

labor force, L, and the measure of potential entrants, m. Because one can
show that the limit price charged by the current supplier of each product
solves p(1− κ) = wq when a capital cost exists, the demand for production
workers is Zx(π) = 1/p = Z(1− κ)/wq = Z(1− κ− π)/w from (38). Hence,
equations (12) and (13) imply

L = Z

·Z
π

µ
1− κ− π

w
+ bc(γ(π))¶ ηφ(π)dπ

δ − γ(π)
+mbc(η/m)¸ (43)

where, as specified in the text, bc(x) = c0x
1+c1 . Finally, one can obtain the

value of m by using the fact that the marginal cost of entry must equal the
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expected marginal cost of innovation by incumbents. Specifically, equations
(11) and (10) imply require that m solves

bc0 ³ η

m

´
=

Z
π

bc0 (γ(π))φ(π)dπ (44)

Finally, the parametric specification of heterogeneity in product quality
is

q(z) = 1 + eµπ+σπz (45)

where z is the standard normal random variable. Hence, one can use the
fact that f(z)dz = p(π(z))dπ(z), where f(z) is the standard normal pdf and
π(z) = (1 − κ)(1 − q(z)−1) by (38), to compute all the necessary integrals
in the equations above and those that define the components of the growth
rate found in the text.
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